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ABS TRACT 


The study was a part of the Hardisty Project which 
developed an individualized mode of instruction for grade 
seven mathematics. The purpose of the study was twofold. 

The first pyurpose was* to determine the effectiveness of the 
individualized mode of instruction with respect to pupil 
achievement within the cognitive domain. The second purpose 
was to assess the grouping procedures used in the individu- 
alized mode of instruction, These grouping procedures enabled 
SoCo CUGc tem LOsTecCe Ive INStLUCULON 2n Ole Or, three OL1OUups, 
Basic, Intermediate or Advanced, for each topic studied. 

Each of three topics, rational numbers and fractions, 
operations with rational numbers, and decimals, was divided 
into two Phases. During Phase I all students studied Inter- 
mediate level: objectives concerning the’ topic. “The student's 
achievement’ of these Intérmediate® objectives determined which 
of the three groups: the student entered for Phase I. Depend- 
ing on which group the student entered, he would study Basic, 
Intermediate, or Advanced level objectives. 

The achievement of the students receiving the 
individualized (experimental) mode of instruction was compared 
to that of students in a control CLOUD, Which received: ,egular 
classroom instruction. It was found that there was no 
Significant: difference between the achievement of students 
in the experimental group when achievement was measured by a 
standardized mathematics test. However, the students in the 
experimental group had significantly better achievement scores 


when achievement was measured by a mathematics achievement 
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CHAPTER™ I 


THE PROBLEM 


I. INTRODUCTION 


R*hPstoricak review of individualized “instruction 
indicates’ that: 


Formal learning began very much as an individual 
affair--that is, pupils came to school to receive 
instruction “individually “from the teacher. “Education 
Was veenerally tor avselect (few, therefore, fewer 
pupils attended school. This made possible the 
provision of individualized instruction for these 
students. For example, in the one-room school, 
pupils proceeded on an individual basis rather than 
as intact groups. As educational advantages were 
G@irerea itor aslarcermnropvortion of she population , 1t 
became necessary to deal with pupils in grade-level 
groups, and individualized instruction diminished. 
Since then, however, as awareness of individual 
differences among pupils increased, many efforts 
were made to individualize instruction even within 
the context of schools offering mass education 
(Sscarlon, and Balviny [969,"p. 2). 


Recognizing Che necessity Of meeting the needs: of 
individual students, the grade seven mathematics teachers 
at the Hardisty Junior High School,.Edmonton, Alberta, 
decided to implement a mode of instruction which would cater 
to individual differences among students. The so called 
"'Hardisty Project' had as its central task the development 
ofan “individual rzed. mode, Of ANS truction. | WLtnin  titis 
Project, the’ present Study examined the effect of .this 
instructional mode upon the mathematical achievement of the 


Hardisty Junior High School pupils. 
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II. BACKGROUND OF THE PROBLEM 


Evaluation procedures to determine the effective- 
ness of educational programs.are an essential aspect. of 
the development of these programs. A program. developed by 
the Learning Research, and, Development, Center of the 
UliVeErsitysOrePLttsburen sand Researcn tor Better Schools 
Inc., a Regional Educational Laboratory based in Philadelphia, 
known as Individually Prescribed Instruction (IPI) has been 
evaluated by answering the following questions. How well 
Comenceildtertalsmdostne: ;Ob Of neilping the pupils learn? 
How adaptable are they to the varying requirements of each 
pupil? How does the individual respond to this type of 
approach? How does the teachers' role change? What happens 
to the pattern of staffing the school? What are the 
effects on the community and what are its expectations of 
the system? What are the variations in cost? (Scanlon and 
IS OE VT) wee LOO Dismal, ji. 

The evaluation of the Hardisty Project encompassing 
three different studies involved the investigation of some 
of the questions mentioned above. The present study was 
concerned with determining the efféctiveness of the 
individualized mode of instruction with respect to pupil 
achievement. The use of grouping procedures used in this 
mode of instruction as they affect the students mathe- 
matical achievement was also examined. A comparison thesis 


written by B. G. te Kampe is concerned with describing 
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the role of the teacher using this mode, and comparing it 

to the role of the teacher using regular classroom 
instruction. A second comparison thesis was written by 

M. Westrom. The thesis’ gives a description of the rationale 
for the many ideas implemented in the development of this 
mode of instruction, and determines the feasibility of 


implementing such an instructional program. 


Tit=2 STATEMENT 1OF (THESPROBLEM 


The purpose of the study was twofold. First was 
to determine the effectiveness of the individualized mode 
bf tins@ruction with respect to pupil achievement in the 
cognitive domain.» The effects of reading ability and I1.Q. 
level on pupil achievement were considered. The second 
purpose was to assess the grouping procedures used for 
instructional purposes implemented in the individualized 
mode of instruction. The group membership of each student 
was determined by their achievement of behaviorially stated 
obj eciti vesior0bjectives studied inthe: different) groups 
varied with:respect to difficulty and necessity of achieve- 
ment for further advancement throughout the topic. Group 
membership was flexible in that it could be changed for 


each topic covered, 
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IVe *STGNIPIGANCE “OF "THEY PROBLEM 


The amportance of meeting individual differences 
among students 1s recognized in the following statement. 


One Ofreche Mostepressinemnecdssin education 
today is the adaption of instruction to 
individual characteristics and backgrounds 
GBolkkvan tan diGliasenc palo esierp:. 182 8) 


Modes of instruction which provide for individual differences 
ape being formulated and studied both locally and’ inter- 
NaGiOnatlve Anvevaluationsof *these modes of anstruction ‘1s 
consideredKa miajon part iofiaMeofithes a projects: Seine 
Significance of evaluation of new curricula is discussed 
by Stake. 
One of the largest investments being made 

ie. omecaucapitonetoday 1s in the development 

of new programs. School officials cannot yet 

revise arcurriculumeonarational grounds, and 

the needed evaluation is not underway. What 

PomeOubDewoained t10m thesenormous effort ofetiie 

iniioy ators: Of htirel] W60"s Usk han theeuoy 0s? there 

are no evaluation records? Both the new innovator 

and the new teacher need to know. Folklore 

PSeiOGraaSlt el Client ereposi tory.  <In.our data 

banks we should document the causes and effects, 

PhewmconoruencesOtsextent sands accomplishment, wand 

the panorama of judgements of those concerned 

GLO O Sr ep iwes5 Or 

Bvaluation aS iteis usédvaboves reiersetceaesaul. 

or complete evaluation of the mew curriculum Gryprogram. 
Within this full evaluation, several smaller studies must 
be made switch Contribute —si1gniticantly to the “fuld 


@valuation. sine prodiem investigated in this study was 


noteascompletev evaluation of the whole Project. It dealt 
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with only two aspects of evaluation: the effectiveness of 
the individualized mode of instruction with respect to 
pupil achievement within the cognitive domain, and the 
effectiveness sof *theygrouping procedures, based*onvpupil 
achievement, implemented in this mode of instruction. 
Assessment of pupil achievement is one of the most signifi- 


cant aspects of an evaluation of an instructional program. 
V. DEFINITIONS 


lnvdiivisduadiizedeninsit ruc tion st-aersity les ofi,teaching 
which allows students to work at their own level of ability 
and rate of learning, either independently or in small groups 
as the situation demands. It is the style of teaching 
which was used with the experimental group. 

Regular, Glassmoom Inssbnuctiom -- a style. of 
Peaching whiichecenters#instruction! around > the 'average 
SoC vase rOUpEstTtlaltonep@lt 15 theestylelofeteaching 
which was used with the control group. 

Behaviorial Objective -- an objective which states 
the behavior required of the learner which is accepted as 
ewi dence »thati cthie;,leanneimitas,; achieved the objective; the 
conditions) undetwhichs the, behavior, ksjce mpectedyto occur, 
and the criterion for achievement of the objective. 

Achievement Tests -- the tests constructed by the 
writer toj)jteéSt achievement if the, Specifigsubject, matter 


taught during the experiment. 
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Standardized Tests -- The Cooperative Mathe- 


matics Test - Arithmetic Form A or B used as pre- and post- 


tests respectively to test general mathematical concepts. 
Vie EXPERIMENTAL SETTING 


The individualized mode of instruction developed 
was presented to nine grade seven mathematics classes at 
the Hardisty Junior High School, Edmonton, which formed the 
experimental group. A comparison study was made to compare 
the mathematics achievement of the students receiving the 
individualized mode of instruction with that of students 
receiving regular classroom instruction. Seven grade seven 
Mathematics classes at another junior high school in the 
Cityetormed the control.group for the comparison study and 


received regular Classroom instruction. 
VII. LIMITATIONS 


G1)! Nether tthe’ experimental tiox ithe’ controlegroup 
were random samples of grade seven students. Thus, the 
Yesu litss ofl sthiss *gtudyitare not, statistically inferrable to 
any larger existing population. 

(2) Neither the teachers nor the treatment were 
assigned randomly to the classes. These were determined 
before the beginning of the. experiment. 

(3) The results of the study depended on the extent 


to which the teachers consistently taught in either mode 
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of instruction as used in the experimental and control 
Situations. Reference should be made to the thesis 
Writtensby, B. 9G. ste Kampe waithe@respect torthiss limitation. 
The role of the teacher using both modes of instruction 

1s described and compared. 

(4) The study was concerned only with grade seven 
students, and the subject matter was limited to rational 
numbers, Traces and percent. 

(5) Mathematics was the only subject in which the 
students used an individualized mode of instruction. 
Adjustment to this mode of instruction was thus required 
Of the experimental group each time they had a mathematics 


elass.. 


NA FPRs ‘OUTLINE: OF THE "RERORT 


The presen tichapcemsis cay introduction to the study. 
Peeremicw gouatiicuve lated iteratunemiss piven. in=Chapter ls 
Ghavpteuw BP iconsastsmon a déetarled idescription of tthe 
experimental design of the study and the. development of 
Chemtestan ge eins trumen i. 

Chapter 1V consists tof the statastical analysis mf 
the results. A summary of the investigation along with the 
conclusions “and implications sforsfurther ‘research tare 


presented in Chapter V. 




















} : 7 
| 1) 2 q 
| - 
q 1 
. v es 
\ _— * 
I tae ; 
| } . i 
ad ’ 
t 4 


| Lotstnoo bas Istaemiteqxs ‘elt ni beey 28 noifourtent to 
| : ; . ae i 
efeods ont ot ebsm od bhyode soneretsh .2Hobsiautia 

f ; rs 
.mtoisssimil erdt ot tosqesr djiw oqmest ot .d .8 yd nettixvw 


foitoutteni to 2ebom dtod gnaiew redoses oft to sLor ofl 
< 4 = 7 


. F ‘ <i 
.bereqmo>s bas bedivoeeb ef 


4 efi 
b 


meve2 ebstg djiw yino bentrsonos esw ybuta od (Ab) . 
ismoitsy ot botimil esw tettem tostdi d+ bag nsbute 
L6MOLI8T OF DSTIMIL e8W T9IISM FJOSEGHe) SI OMS , eine on 


.ineoteq bas 2eter ,2Tedmita 
ae 
ore 


eit dordw at tostdue yino elt zpw 20rtamedtsM (e) 


a f 
mortourtent to sbhom besilsubivibat as bse atnebuse 
fey 
berivupet eudt esw foktosrteni to sbom zits ot 1com eur 


< f Sa 


omit dose quots [edaomin oqxe odd. Ro 


ak 
4 
Lie] 
wa 
oat 
j 
ake 
co 
— 
= 
oo 
m 
A 
- 
p 
—s 


‘THOWA HHT TO aMTITUO .1TIV. 


“bute ons o3 nottaubortai as ei tetqsds dnsestqvedT ~~ 


II tetqsd) ni noevig ef stutstetif betsist sAx to woiveT A 


Pe 
elit to noitqitzesb belisteb s to 2tz bemos Ili eee: 








_ to, inemgoleveb sds bas ybute ods to ngideb.Laxnemineqne 
re ; ) f m 


le aa Pasar Femi gaitees 9 ds 
IY, 
















— ut 


Tspiseiss ste ois to eseiemos VE ‘weaqedd: —* 


F. A - <a : 
ve ti sean oxeh 
Rs EER ORS Oe 

a 





r% 


CHAREER 4 oht 


THE RELATED LITERATURE 


I. INTRODUCTION 


The review of the related literature is divided 
intoathree dsections veaThe pfirsttsectiondisyeoncerned with 
the theory of curriculum evaluation. The second section 
consists ofnarnéeviewlofssomé}cunnent projects tconcerning 
individualized instruction. In this review, an emphasis 
is placed on the pupil-achievement and grouping-procedure 
aspeetsrofrethesesSproyectss9as)these aspects of the Hardisty 
Project were the major concernyof the present.study. The 
Pierce acect LONeCOMLCAIiISsman dUsCUuSs10n On criteria for the 


selectvon anducons truction of testing instruments. 


II. EVALUATION 


What is educational ‘evaluation? It-.is, broadly 
defined by Cronbach as "the collection and use of 
information to make decisions about an educational program" 
bL963, p. 072). Many wtypes eof decisions pmus tabesmadeyeand 
many varieties of sinformation aresuseful. 

Grobman says that: 

If the evaluation is.to be useful, each project 

must develop its own unique pattern, reflecting the 
interests ‘and.circumstances of the’project and: the 


clientele for whom the curriculum is patterned 
CLS oop. aS) 
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The purpose of educational evaluation is referred 
to by Stake as being expository: 

: to acquaint the audience with the 
workings of certain educators and their learners. 
ihixintferst’ friomrceducatmonaln esearcirizm its 
orientation to a specific program rather than 
variables common to many programs. A full 
evaluation results in a story, supported perhaps 
by statistics and profiles. It tells what 
happened. It reveals perceptions and judgements 
that different groups and individuals hold-- 
CUbenied, sehOpers Dy, GbDIECtivesmeans., .t-tells 
of merit and shortcoming as a bonus, it may 
offer generalizations ('The moral of the story 
is .. .') for the guidance of subsequent 
educatwondluprogramse (1007.0) .4/5). 

The roles which educational evaluation has to play 


are described by Scriven (1967). 


Formative and Summative Evaluation 

~crivensexplains evaluation as.having two roles to 
ia eC mLereT Se LUOMtnesemTO1eS nas  sPOormative Evaluation | 
and 'Summative Evaluation'. Formative evaluation is an 
On eoing improvement.of the curriculum while the curriculum 
Uomcemluimbetigeueve topea. elt eresults in changes being 
made to the curriculum. Summative evaluation is a final 
evaluation of the educational instrument or program which 
permits several conclusions and decisions to be made. It 
may serve to enable administrators to decide whether the 
entire finished curriculum, refined by the formative 
evaluation, represents a significant advance on the avail- 
able alternatives to justify the-adoption of this new 


curriculum by a school system. 
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Cronbach also discusses the various roles of 
evaluation. He states that, 
Evaluation, used to/improve the course 
while.it is. still fluid, contributes more to 
improvement of education than evaluation 
used to appraise a product already placed 
ing@thesmarkets (190540 pee Ol7a)% 
Scriven doesnot’ feel that one can accept this statement 
asserting the greater importance of formative evaluation 
as compared to summative evaluation. He feels that 


curriculum projects must attempt to make the best use of 


evaluation in both roles. 


IMGrLNS Lc sand Pay-Off Evaluation 


Scriven (1967) also discusses two procedures which 
may be used in evaluation. They are ‘intrinsic evaluation' 
adm Dawes l i Oval UaiLoOn. seli,trinsic evaluation .is,.an 
evaluation of the educational instrument or program itself. 
This would.involve .evaluation .of the .content, .goals, 
grading procedures, «teacher, attitude, .grouping .procedures, 
etca, Payoff evaluation ts an, ,ewaluation of .the soutcomes 
Onythe effects; of .the educationalsinstrument.orwrogram on 
the pupil... .Lt would involve san .appyaisal ot the ditterences 
between pre-and _postuatests, or .between,experimental group 
tes ts sandscontrol group tests . sintuinsic.and pay-off 
evaluation may be either formative or summative, as they 
are procedures to use rather than roles of evaluation. 


Comparison evaluation procedures which may be used 
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in pay-off evaluation were discussed by Scriven (1967) 


and Cronbach (1963). 


Comparison and Non-Comparison Evaluation 


Scriven and wronbach do) notvapree: on the values 
of comparative evaluation (comparing an experimental group 
to a control group). Cronbach feels there are definite 
weaknesses of group comparisons and that non-comparative 
evaluation is better. Non-comparative evaluation means to 
determine “tire=post-course pertormance ‘of ‘a ‘well "de'scribed 
group with respect to many important objectives which were 
determrmned before ‘the treatment began. 

One weakness which Cronbach feels results from 
comparison studies is that we do not obtain data to deter- 
mine where a new program is good and where it is not as 
good sas analternative. | Scriven admits this, but explains 
that non-comparative evaluation is not the answer. What is 
neccecmate more scONntrol proups so: that more short-run 
studies may be made. These studies would determine the 
advantages and the inadequacies of the new program. A 
single comparison study provides only a summative evaluation 
of a whole program and Scriven admits this is not enough. 
He indicates this in the following statement: 

ss, thesimpace of Nis: (Cronbach's). article 

is to suggest the unimportance of the control 
group study, whereas the case can only be made 


for its inadequacy as a total approach to the 
whole of curriculum research (1967, p. 67). 
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Another weakness of comparative evaluation which 
Cronbach.discussedeis; the impossibility to control for all 
variables between the two groups. Students know if they 
are in an experimental group and it is quite impossible 
to neutralize the biases or enthusiasm of the teacher. 
Seriven, feels «however, .that,we;,can.design.a study:to 
control for these variables by using more than one compari- 
Son+;group., He states that, 

Ic BWesuseronlyeOne, contro. croup, we Cannot 

tell whether it's the enthusiasm or the experi- 
mental technique that explains the difference. 
BUtwit wesusesseveral experimental groups , we 


can estimate the size of the enthusiasm effect 
OL /eap.e OGe. 


Implications to the Present Study 


While formative evaluations were performed during 
the development.of the.Hardisty.Project,).the.present study 
was concerned with a summative evaluation of the program 
déevelopedaa+Both,intrinsic,and.pay-offrevaluation procedures 
were used in the summative evaluation. Intrinsic evaluation 
was involved in that a treatment variable within the 
individualized mode of instruction was examined. The 
treatment variable examined was the grouping procedure used 
in thrs’mode*ef tas tructron?©*Pay *orr*evalugtron was 
involvéd*©in>that“the éffect*of the ‘individualized’ mode-of 
instruction on pupil achievement was assessed. Both pre- 
and post-tests, and experimental and control group achieve- 


ment test results were compared. A comparison study of the 











g f i 7 it 
do iw aoitsulsve evitsrsqmod to 2eontsew redsomA 


[fs rot lortmoa of i hidbaeoymt edt ak horeusetb osdaiox 


ie 


yeds t£ wond etnobuse equorng ows sif3 neawced estdsizay 


ealdieeoqmi stiuyp' er tf bas quorg [ssrembreqks ns mr 218 


‘.radoses oft to mestaudtne to esesid eft osilsitwen oF 
| ee aL 

ot ybute s ogizeb ass ow tends ,tovewon elost ,.g@evirse 

‘ mt 


yD: 





-trsamoas ono osdt stom grnieu yd esldsirsyv.seodz Tot Lots: 














.ftbAt SeeGwer 9H + Ghote am 


SONABD 2w eWOtY forstmod sno “ino ‘gay sw tI Mi 
-itsqxe ot to~mesirendine oft e'ti tedtendw fies . 
Gone tars as oft enisigxs tedy oupiadoss [stoaom 

-equotg Isimemireqxes Istevee sey sw Et te 

$9 5% tts mesteudine sdt to este odt stsmites mea 

~ « $80 ek OED) 


4 ybuse 3 +2 troeetd edt ot enoitsré gin 

gaitub bemrot teq sre enoitsulsvs ovissarot (oLidW " 
ybute fnoestq odt ,sooftord ysetbrsH sds to fienydhanel ods 
getubexo0tg nottsulsve }to-veq bas JLamertsine goa .beqolsveb 
ae 


metgotq oft to notisulsvs avitsmmue = dAtiw beatesnos 





Motstsuisve otentrtinl ,mortsulsve evitsmmue oft oi boa ete 





ends atdtiw sldsirsv Imomssots s ted? ci orton a 


4 > ry 
, 


baninane 28W notvoune dat a _sbom: bos tlaubi 
= - 2. a 
ie ha” z 





ie Fc a; bom ‘ K9. ra ds ix 
Nd vari — re te “s ae 
{to i. is IU 1. Sent TC 


E35 


pupil achievement of the experimental and control groups 
was made, for as Scriven said, 


When we come to evaluate the curriculum, as 
opposed to merely describing its performance, 
then we inevitably confront the question of its 
Superiority Oreinteriority, tothe competition 
CIS6 DF p-Ae6 4)R: 


To form final judgements on an instructional program, it 
iseessential to have compared ait to alternative types of 


instruction. 
III. EXPERIMENTAL PROJECTS 


several—individualized instruction projects now 
ijepLovress, Nave been sdiscussed by tEdling, (1970)... He 
Suggests that they all have one thing in common: 


Thea traditional form of-instruction,.during 
which all students are taught the same skill or 
concept at the same time, is being abandoned. 
Instead, cooperating professionals (administrators, 
teachers, and support personnel) are creating 
environments in which individuals proceed at a 
So bt odete Moinedspaceuusor tefmilese Li-=selected 
subjects, to achieve self-evaluated and self- 
satisfying goals. 


The effects of these efforts are impressive, 


not: necessarily in terms. of performance on standardized 


tests (although gains here are sometimes rather 
startling) but rather in terms of change in the 


behavior of learners and teachers. There is an 
almost unanimous report of renewed interest in 
SCHOO] and educational: acCrivities.,.. [raditvonal 


disciplinary problems have virtually disappeared. 
There iS a major reduction in; truancy and drop-out, 
and attendances. Ls improved .sisie. loss li liness’., 
VtYravel., and other reasons tor absentieism.. An 
increasing number of high scores are appearing on 
specific achievement measures. Teachers report 
working hardéewsthan, evem before, pout sthey..are more 
satisfied because they feel they are doing more 
fOeetneiws students {1970, pp. 13-14). 
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Five projects concerning individualized instruction 
in mathematics are reviewed in this section. In this 
review, an emphasis is placed on the pupil-achievement and 
grouping-procedure aspects of these projects, as these 
aspects of, the HardistyeProject were .thegmajor concern of 


the present study. 


Bice vldualiyenreschivedeliscructi0ne | LP i). ine 
PnaivcGuadlyverrescnipegalnstruction ( LVljs Project. of the 


Learning Research and Development Center, University of 
Littcoursipearepreschtseaneinvestigationsinto therrequire- 
ments for and the problems encountered in developing a 
system for individualizing instruction at the elementary 
school level. Individualization, as conceived by the IPI 
project, is defined by Bolvin and Glaser as "the adaptation 
of the educational environment to individual differences ; 
put another way, the use of information about individual 
differences, to prescribe appropriate educational environ- 
Med Use UhOOS,8 Danio loi 

IPI works toward managing instruction so that every 
pupil's work can be evaluated daily, and guided by a 
teacher written prescription; a plan for a student to 
improve or master a particular skill or objective is 
determined. There are five building blocks which enable 
the teacher to effectively diagnose skills and monitor 


Dupieprovrcessnasgslney: are Gastéed by Devoky as: 




















noitourteni boestleubivibms pAstanatey at9 90% ovid 4 - 
earns al .noitoe ett ab bowoeiver 915 ot 2emed3om, a on 
) ae: 


bos toomeverdos-Liquq eft no bsaslg er eee is. .weiver | 


we 


0 etpeqes Spal via re gi 


s2eds 45 ,2t2e(01g 926 edt 


to mteono0D totam sit stew tosford yserbrshH say Ya atoeqes 


“bute vanilla 


oAT (191) moitouts 21 bodira ten yiksubiwibal 
eds to tosjord (141) mottourtenil bedtraeerF Ltsubsviba 
to viterevinU ,19tH50 tromqoleved bas dowse2en gninte 
-etiupest oft otnt notssgrseevind 18 etnee ST qet dgrodessi 
8 gphiqoleveb nt béremudshe stetdose edt} bas tot. evae 


tstmemefs oft ts moistourseni gnisilsubivibal 10% mote 

[GI eds yd bevisomod es doitssifisubivibal | fovef coi 
at he ae: re Y it _._ FF r = Par a as . pet 
noftstqsbs ent" eg teesld bos atviod yo bomiteb. er. Soejor 
-egomearettib Isubivibat ot snemnorivics Isnotssaube ois “te 


[subivibni tuods not itemrotat to 924 os yew red3 ons. 


-motivas [anottsaubs ststrqotaqqs edii2z2eTg os aires 





(088 it (88QL)\ "asine 









tee eas oe rea hatin aan setBeuen eae eltow pS 





" a 
~ ; ae 5 
- 5 


. 


gc oy. : 
; a hw 


eo" ‘niet aro 2 ig 


' hy Bo as i 7 


7 
‘e 7 sia ne ae) Seek es ith, a eee 
1o a iro & -. © {I5 £ 5B TG ‘on . t I ce ie 2, : 
03, Inebuge 8 10% malq s :ottmisozerq astsixw xe 
: i j +e * aun 
. ‘ ) . * Pi ! é=3 "~ 


gps) 


(1) Behaviorial Objectives, 

(2) Placement Tests, 

(3) Pre-Tests, 

(4) Post-Tests, 

(5) Curriculum Embedded Tests (1969, p. 44). 

Behaviorially stated objectives are presented in a 
Sequential order for all content to be covered. Within each 
sequence, the objectives are grouped in sub-sequences to 
provide break points for further advancement or to go on 
to another area. 

The rate of speed at which a pupil progresses 
through the material depends upon his own capacities. He 
is placed on the continuum (the sequential order of 
material presented) by taking both the placement test and 
the pre-test..." Ihe assignments’? given to- each student are 
indicated by a prescription to fit his individual needs, 
asudiagnosed Dy the teacher from the results ofthe pre- 
test. This prescription is an individual lesson plan for 
each student each day. The students mastery of the 
objectives is determined by the curriculum embedded tests 
and the post-tests. The curriculum embedded tests are 
short tests which provide specific data on the mastery of 
each specific objective. The post-tests are parallel 
forms of the pre-tests. The pupil is required to perform 
at the 85 percent level. The students spend most of their 


time working independently. 
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There is no homogeneous grouping for classes using 
IPI materials. Pupils are heterogeneously: grouped in a 
self-contained classroom. If the need arises, pupils from 
the same or different classrooms are grouped for 
instructional purposes for a short period of time. These 
puplts Nave similar problems relating tCo,a common Skill or 
Objective. 

Devoky summarized what IPI is by stating: 


IPI does not so drastically change what is 
done; in.schools,.,as ,how-it is done. Young IPI 
students don't learn a different curriculum from 
other youngsters; they don't necessarily score 
Niguer On staldaraiced tests. Rather they are 
introduced to an approach to learning where the 
learner is the focus, where a student moves at 
his own pace.in his, own,style,) The IPI teacher 
ceases to be a performer and group disciplinarian, 
ana pDecomes instead, 4 diagnostician, prescriber 
and. guide to the Special* learning progress of the 
individual. And because students are loosed 
Promecivespace Of tler class, sthey begin (to spread 
OUGmAccOedIngutOmeaimine rates (1969, pn, 44) . 





Evaluation procedures are an important aspect of 
theslPlp Project |i loxanswer, the question: “"How does this 
innovation work in the pitot schools?! five kinds of 
data sare. collected 2. Inc lided inuthese fare aintormacion 
about the materials, the pupils, the teaching staff, the 
community setting, and the Individually Prescribed 
Instruction concept. as, an. educational.system. 

AspectssOfeLPI wiichsaresmore. relevant tothe 
present study were discussed by Lipson (1967). He des- 


cribed the results of IPI in terms of pupil achievement. 
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The standardized test results of pupils using IPI materials 
at Oakleaf school were given. Oakleaf is one of the main 
experimental schools using IPI materials. First and second 
grade students *were almost all over the eightueth percentile. 
The third and fourth grades were average, while the fifth 
and sixth grades had many students below the fortieth 
pemcentuwile. | Ine) low mercentile rating was?explained by 
stating that many of the upper grade students were not 
exposedieto all ®of the usual sixth grade curriculum, “as: “they 
Were making up..deficiencies in their mastery level of lower 
grade ovjectives..: hus, although’ they did not do so well 
On Standardized tests. they were increasang thei xn ~ander- 
Standing of earlier work... When. the IPI. sixth, grade 
SLudents were in, wrade. seven, there were. no. differences 
noted between them and other students. It was found that 
summer retention was very high in the IPI program. This 
was attributed to the mastery criterion for progression. 

Lipson gave a result found by Yeager and Lindvall 
(1966), that there is almost a complete lack of correlation 
Oteerate Of progression iar ithe programewith ee eeleOeeias 
fai nty Te lated t0mthescabala tystOulecapmover deficiencies in 
the ans tructional. process. 

The following table compares the pupil achievement 
of an IPI school with a non-IPI (control) school on 
ara thmetie subtests.) ihe original stable as given, by Glaser 


(1969) also included a comparison of reading scores. 
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PAE te ae 


COMPARISON OF AN IPI SCHOOL TO A NON-IPI (CONTROL) 
SCHOGE@FOR*ARTITHMETICSSUBTESTS 


Cre eNO Of PUupDi1S “Arithmetic Concepts, Arithmetic Problem 


Solving 
LPI Non - IPI Non - IPI Non - 
IPI IPI iP] 
Lv 62 86 B54 7 ey 33.1 PTS) 
V 5.3 85 43.30 40.6 Ales AD 
VI 59 85 Sas) AS #2 50-2 46.4 





(1969, Table 3). 


Me=resurts Snowe im the*tablevindicate*that 
although there’ was a°small*difference between IPI™-and ‘non- 
IPI school results, the IPI school was consistently ahead 


TN DOth stub-vtests dt -arr- three grade. levels’ 


Individualized Mathematics Instruction (IMU). The 
National) Board of) Education of Sweden started a.project on 
Individualized Mathematics Instruction (IMU) in the fall 
OL IG Sse oi heventire project willinot. be. conple ted=ungid 
371. The goals of the project. (as outlined by,Orebere; 
are to: 

(a) construct and. test,material for self- 

instruction in mathematics, 

(b) develop suitable instructional methods 

to use with this material, 
(c) study how pupils should be grouped and 


teachers.employed to attain the maximum effect 
when using this material, 
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(d) measure, with the help of the material 
constructed, the effects of completely 
individualized instruction (possibly by 
comparison with conventional class instruction) 
(4968vepr.1) 17 

The self-instructional materials allows the 
students to work at their own pace. Nine modules of 
material were constructed, covering the curriculum for the 
upper department of the comprehensive school. Subject 
matter within each module was structured in terms of 
degreecofcdifficulty. 

Each module contains three components of which the 
two last ones consist of three different levels of material 
based on degree of difficulty. All students work through 
the first component (A) at their own pace. When component 
A is completed a diagnostic test is written. On the basis 
of the information obtained from this test, a student is 
placed in one of the three levels of the second component 
(B) which best suits his needs. The content material of 
these three levels of component B are of a general 
character, but vary in difficulty. At the completion of 
component B, the students write a diagnostic-prognostic 
test. This test determines which level of component (C) 
the students will work in. A prognostic test is written 
at the completion of component C. A fourth component (D), 
which does not belong to the basic course, contains 
material for repetition in connection with the diagnostic 


tests, individual work (independent tasks), group work, and 
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group discussions. As each module requires approximately 
one month in time, the grouping procedures occur about ten 
times; a, year.ne Thisereduces thenrisk oiffaassigningwal'student 
oncées and, for,allato ajparticular level. 

Formative evaluation of the materials constructed 
CGClUrcmrIrocularly mer otestudies are conducted jandsrevision 
of the materials results. Summative evaluation will also 
OCClfsg Any investigation Bntottheketfects ofathey IMU will 
include comparisons between six different organizational 
models of IMU. These six models are variations of the 
numbers of teachers sandy teacher's fassistants participating 
eats eructionaleunit a9 sAlSomtonbe. (compared are ithe 
EMUSo roupmandsancontrolegroup selectedsat random from*all 
classes in Sweden where instruction is traditional and 
the IMU system is not applied. 

A full investigation of the project is planned 
momnemcomp le tedmduringe.o70-/ire eincluded ingthispinvesti- 
Satvonensul Dega Trenorteplanned tosinclude thespupals 
knowledge and proficiency in mathematics (based on an 
arithmetic test, standardized test, and a final test based 
on the definition of. the aim of. the project) along with 
experiments concerning the flexible grouping and teaching 
teams. Also to be investigated are the effects of. the 
project on studenteattutude and abibity to accept sresponsi - 
Dilityeechbe Ettectyonetheyteachersiand teacher's sassistants, 


the problems encountered in drawing up the curriculum, the 
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cost of implementation, and other effects to ascertain 
whether the IMU material gives better prospects of 
individualizing instruction than the traditional method 


of one teacher--one class. 


Bloom. A strategy for mastery learning was 
developed by Bloom. He states that 

If the students are normally distributed with 

respect to aptitude, but the kind and quality of 
instruction and the amount of time available for 
learning are made appropriate to the character- 
isticsmeanda needs, of cach Student, the majority of 
students may be expected to achieve mastery of 
thessubjecte (19G8ip. 3). 

The majority of the students who can achieve 
mastery are the top ninety-five percent of the normal 
aptitude distribution. Bloom says the top five percent 
of the normal aptitude distribution have a special talent 
fOLelediningmtnessubject.. = [he bottom five percent may have 
aespeClal aisability 107r 42. particular learning. The ninety 
Detector mticms cudceiusmitettecan achieve mastery jot.a 
subject provided they are» allowed enough time and the 
appropraate: type of help. 

The needs of the individual students must be met. 
Various types of instructional materials. (textbooks, work- 
books, programmed instruction, audiovisual methods, and 
academic games, etc.) may serve as a means of helping 


individual. students. at selected points in their learning 


process. 
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The strategy for mastery learning as developed 
by Bloom and his associates (1968) included the 
specification of behavioral objectives and content of 
instruction... The objectives indicated the criterion for 
mastery of that objective. Appropriate instructional 
techniques must then have been used to ensure mastery of 
the cobj ectives. 

In the study conducted by Bloom, the teacher 
taught the course in the same way as before with respect 
to content, time, materials and methods. This regular 
instruction was supplemented by formative evaluation. 

The formative evaluation was a brief diagnostic-progress 
test given, ate the completion of abhlearning: unit «to deter- 
mine whether or not a student had mastered the unit. If 
he had not mastered the unit, the test would determine 
what he must do to master it, as particular points of 
difficulty would, be revealed by, this, test. For: those who 
did achieve well, the formative evaluation would reinforce 
their.learning, and, assure; the student his present mode 

of. learning was appropriate. It was found that students 
responded best to the diagnostic results when they were 
referred to partictlareins tructio0n aiamaterni al Seorenrocesses 
intended to, help them “correceetherrediiticulties:. 

An investigation ot *theeffetts of “the, strategy 
for mastery learning was quite limited, but the results 


were: Very encouraging as €vidence of its effectiveness 
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with respect to mastery of learning was found. On a 
mathematic achievement test written in 1965, before the 
strategy was used, approximately twenty percent of the 
students received "a“grade’ of “A on'*the tést /*tIn 61966; 
after the ‘strategy was used; ergiity4percent -ofethe tsitudents 
achieved an “A’on'"a parallelexamination’© Final*results of 
a 1967 summative evaluation instrument which was parallel 
to the tests of 1965 and 1966, showed that ninety percent 
of the students achieved a grade of A. 

These™results “indrceatedsthat *the®s trate gy S£6r 
mastery learning helped more students attain mastery (a 
graue Of A). “~(t~shottta*be-noted*h6wWwevergPpthatano 
indication of the similarity of the groups compared was 
given. 

Affective consequences of the strategy were also 
noted. “Stucents did™well onPthe*subject@andebegan torlike 
it. They were motivated for further learning and their 
self-concept was positive. They were receiving positive 


recognition LOY their acnze Vvementsy 


Mortlock. Mortlock (1969) made a study on provision 
for individual differences in eleventh grade mathematics 
using flexible grouping based on achievement of behaviorial 
objectives. A classroom management plan was formed to 
provide for the differences between individual students. 


Behaviorial objectives were written for all content 
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to be covered in each topic at three difficulty levels. 
Basic objectives included the minimal behavior required to 
progress through a topic. Intermediate objectives included 
more difficult behavior and more ideas, and were expected of 
the average student. Advanced objectives included still 
more difficult behavior and more ideas; and were expected 

to be achieved by the superior student. 

Each topic was taught in two phases. During Phase 
Pyethe students received regular classroom insitruction “from 
the teacher. Achievement was sought at the Intermediate 
level. At the completion of Phase I, a post-test was 
written on the Intermediate objectives. Depending on the 
student's achievement on this test, he was placed in one of 
three groups for Phase II of the instruction. 

The levels of objectives were the basis for 
differentiation of what was expected of and provided for in 
the three groups. The groups were designated as the basic 
group, the intermediate group, and the advanced group. 
During Phase II, the students received small group and 
individual instruction on the objectives corresponding to 
their group. At the completion of Phase II, post-tests 
relevant to each group were given. Regrouping was permitted 
at the end of each topic, as the achievement in Phase I 
indicated to which group the student would belong in Phase 
br. 


Mortlock commented that, 
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This approach appeared to present the following 
advantages: 

(1) It provided for whole class activity which 
could help maintain class unity. 

(2) It gave all students the opportunity to 
demonstrate differential achievement on different 
topics and to be grouped accordingly. 

(3) It provided students later entering the 
baSicegroup. watheexposurehtogcontent at) theiinter= 
mediate’ level. without finally expecting them to 
achievewat.this,leved: 

(4) It provided work of reasonable challenge 
for more able students which may not have been 
tChesCase 1. stiren initial teaching-had been aimed 
solely at achievement of basic objectives (1969, 
Dp. 00-OL)e 


The evaluation of the Mortlock study included the 
answering of two questions which are relevant to the 
present study. They are: 

(1) What was the relevant effectiveness with 

respect to mathematical achievement of the form 
of classroom management and the behaviorial 
objectives when compared with the conventional 
approach to mathematics instruction? 

G2), Was itheret-a. needisforn flexible reroupane, 

or could students have been pre-grouped on the 
basds. of Some initials criteria »Cl9 69,) pms, 94-95). 

The classes taught the previous year by Mortlock 
were used as a control group with respect to achievement. 
It was found that there was no significant difference 
between the mathematics achievement of the experimental 
and control groups as measured by the teacher-constructed 
eleventh grade mathematics final examination. 

Achievement on subtests of this final examination 


were also compared at the three difficulty levels. There 


was no significant difference between the experimental and 
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control groups with respect to the basic and intermediate 
objectives. The control group did significantly better on 
the advanced objectives subtest. This was explained by the 
fact that all students in the control group had been exposed 
to the material relating to the advanced objectives, while 
only the advanced group of the experimental group were 
exposed to these objectives. 

There was no statistically significant difference 
between the percentile ranks of the mean algebra achievement 
Gtietie experimental students at the beginning and) at the 
end of the eleventh grade as measured by the Cooperative 
Mathematacs lestsy- Algebra I and. Algebra Il, respectively. 

Mortlock concluded that: 

The overall conclusion to be drawn from the 

above findings is that the classroom use of 
benmaviorval wobjectives, and the jisetting of .lévels 

of expectations for students which were appropriate 
to their demonstrated achievement (grouping for each 
topic on the basis of achievement) neither positively 
noymegatively pniluenced the overall achievement 

of the yexperimental, group--(19.09 » »p.44227),, 

A need jfor +filexibabLity,;of grouping was found. 
Various measures used to try to predict group membership 
were shown to be ineffective. Also reported was the fact 
that during Phase II, mean proportions of basic and inter- 
mediate level objectives achieved by students in the basic 
and intermediate groups increased from .42 to .72 and .52 


to .82 respectively. This indicated substantial achievement 


gains during the remedial activities of Phase II. Mortlock 
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felt that these findings indicated that "if grouped 
instruction based on achievement of objectives of the type 
written is used, then group membership should be flexible 
with opportunity provided for regrouping for different 
Pepics"S (1969; tpF *228)°) 

Mortlock concluded that the behaviorial objectives 
met most claims made for them and the students had a very 
favorable reaction to the two-phase form of classroom 


management. 


Bierden. Bierden (1968) made a companion study to 
Mortlock on provisions for individual differences in 
seventh grade mathematics based on grouping and behaviorial 
objectives. The main procedures in his study were similar 
to those ‘used by Mortlock. The opportunity for grouping 
based on the achievement of behaviorial objectives was the 
Main provision for individual differences. Students in 
neither of the Bierden nor Mortlock studies worked inde- 
pendently on. self-study’ materials. 

In the Bierden study, upon completion of the second 
post-test, at the end of Phase II, the students started 
Phase III. This involved working on unachieved objectives 
from this: 'topic’ orsprevious) topics. = The® teacher helped 
individual students in Phase III, and upon completion of 
all required work, the students did enrichment activities. 


Findings  from’the’ Baerden study which are relevant 


- rae Lee 
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to the present study include: 

(ayjeAtnéedoforaflexibriitytof@ grouping’ 

Even though it was found that group membership 
could be determined from scores of I.Q., California Achieve- 
ment Test pre-test scores (computational), SMSG Mathematics 
Inventory pre-test scores (concepts) and pre-attitude 
toward mathematics scores, it was concluded that flexible 
grouping was still desired as a means of allowing students 
to change to different groups as their abilities and needs 
in various topics changed. 

(b) The average proportion of objectives achieved 
by the basic and intermediate groups increased from the 
pre-test to the: post-test, and then decreased on the 
heremtl Ole vcs tee OWeVer . theaproportion fon «the wetention 
test.was higher than on the pre-test. The proportions for 
the advanced group showed an increase in achievement between 
the pre-test. and the post-test and between the post-test and 
thes retention-test. 

The study made no provision for comparisons between 
the: experimental treatment and other grade seven, mathematics 
courses taught. at the same. time. However, to provide 
further evaluation, comparisons were made at the end of the 
year with four groups); of grade. seven students: used in 
previous studies at.the University of Michigan school (1968, 
p.: 96)... The results: supported the: conclusion that the 


experimental treatment had no adverse effects on the increase 
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in computational skills measured by the grade placement 
norms of the California Achievement Test. Also, the 
experimental treatment had no adverse effects on the 
increase of knowledge of mathematical concepts measured 
by the SMSG Mathematics Inventory. 

The experimental method also resulted in positive 
changes in mathematics attitude, and as it also provided 
a: Structure for meeting individual differences of students, 
it was concluded that the experimental method was more 
effective than other techniques used in the mathematics 


classroom. 


Summary 

The studies reviewed indicated some of the various 
ways of developing programs to meet the needs of individual 
ScUdci ts wm rE Valuaclonis oO: these projects with respect to 
Dupileachievement were reviewed. Ihe results of the 
studies indicated that the experimental method (providing 
some form of individualized instruction) either had no 
adverse effects on pupil achievement, or that students 
réceiving the experimental method scored better on achieve- 
ment .testS Chan Students: whosdldsno tere cel vomit. 

The attitude towards mathematics improved for 
students receiving the experimental method of instruction. 
In general, the students liked the type of individualized 


instruction which they received. Although the pupil 
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achievement was not always obviously enhanced by the 
individualized instruction, other advantages such as 
improved attitude toward mathematics indicate that 
individualized instruction of some form will continue 
to receive emphasis from educators. 
While no one line summary can characterize 
mGciviaualtzedeins truction at this time, «you 


may be assured that individualized instruction 
Of cone Orme lcra COming=certainty )(Edling,, 1970. 


pa doje 
iVee cLUEGTIONSAND) CONSTRUCTION OF TESTS 


Theawra ttene tests ishnotuitheronly formeaitest may 
take, however Grobman states that ''Perhaps the written test 
is the most frequently used device in systematic evaluation" 
(1968$ep. 00 3) waOneomajorolimitation ofpeteststasicthatothey 
measure only what the student can do in the testing 
Situation. This is not necessarily what the student can 
dogins ans Olte Of GxteStesaituationszliSubgjectPmatter tesitss are 
often limited to measuring knowledge and applying know- 
ledge, but problem-solving abilities and creative abilities 
can also be measured. 

It is not a simple matter to select suitable 
achievement tests for an assessment of pupil achievement 
in a particular project. Sometimes it is necessary to 
construct a.test which will be relevant to a given curriculum. 
Grobman (1968) listed several criteria for the selection and 


construction of tests. Some of. these are discussed below. 

























r 


eft yd beonsdns yieuoivde evswis ton cow inemeveidos © 
j “é 7 » 
; é * * ° : . hi ow a 
28 dove zsyetnsvbs redso-,noisourdent bestisubivebat 
| . oie a aoe 


tedt otsotbnt eortsmedtsm brawot sbusitts bevongm! 
sunitnos {liw. mtot smoe Yo moitou1 ani bostleybivibat 
. i é. 
-2t03H6oubs moTt 2i eedame svisse1 oF 
ssitetosisdo os9 yvismaye enil so on oli dw 
voy ,omit etAdt Js noisjoutjeni besilsubivibar - 
noijoutstani besilsybivibot tsdi-Detuees od yam 
~OVCL .gmrlhd) yinissies gaimos s ef mrot smoe to 


OL saa 
2TeHT JO VOITOUATeMOD GWA MOITIEGae VI 


yem Jest 5s miot yino-sdt ton 2k tees neottitiw sat ’ 
a , 
tzs3 nottitw sdt eqsdrsd" teds estete nemdora tovewod , sles 


mottsulsve aitsmeteya at spiveb bee vel tnouper? sS2om edt @. 

yony Fsnt 21 eteos to noLsstimel vorsm sag (EO wp Boe J 
ses | . i ae 

gfirteet oft ant ob ns> tugbuse ols tsdw vino savgeem 

r r r * "i * > =) cS * at 

ms) Insbuse sas tedw ylitszeesen som er edt  .notsews 

gts et2o3 tetism sostdue .norssuPbe sit da Sigh ih, eae 


N 7 


-wond ontylqgs bas sxybsiwonml git tbedem od bot ing, neato 





D 
a ¢ 
ow 
by 


eeisvilids evitsesto bas eeiteiids Dah meldereg Sud ies 


ie 


rie between og oats § 


5 5 tom ak 11 


q 


SL 


Validity and Reliability 


Validity refers to a test measuring what it was 
Supposed to measure. A test developed for one curriculum 
Hight not) ibe sui table for use’ in. ~@ .different .curriculum. 
Theil test: should :eflect the aims;<of the mew program. 

Reliability refers to consistency. Students who 
wrote a test would obtain the same score if they wrote the 
test a second time if the test was perfectly reliable. 

Fremont (1969) indicates that one of the main 
differences between teacher-made and standardized tests is 
that the standardized test has undergone procedures 
designed to determine its reliability and validity. 

Validity is measured against some other criterion, 
a criterion always open to question. The criterion could 
be a grade score, aptitude or ability scores. The 
correlation between the test scores and the criterion 
scores as’ the coefficient of validity. Fremont states 
"For a rule of thumb, validity coefficients that are 
considered satisfactory will run from about 0.40 to 0.65" 
€19695"p. 955)". Content or face validity is determinedmby 
referring the test questions to a panel of judges or 
experts who will render an opinion as to whether or not a 
test item appears to test for that which it was intended. 

Reliability is concerned with the consistency of 
the test. Standardized tests usually require a reliability 


coefficient of not less than 0.90, while teacher-made tests 
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may be expected to demonstrate reliability coefficients 
between 0.60 and 0.80 (Fremont, 1969, p. 554). 

Both the validity and reliability of the testing 
instrument must be determined before deciding to use it, 
and Doth are very Important in selecting or constructing 
a test. But, as Cronbach pointed out, ''An accurate test 
is not of much value if it gives precise information about 


anelpre leVant quantity, (1965) p. 212). 


Test’ Grids 

Grobman (1968) suggested the use of test grids when 
serectinge or constructing A oLest. sft May be Gditricult, to 
decide how appropriate or how valid a test actually is 
With respect to a given curriculum. Two problems encountered 
when scrutinizing a test or when constructing a new one are 
balance among subject areas and balance among cognitive 
Skilis. A test plan or test grid is useful when analyzing 
the test. The test grid could have two axes, one for 
content. coverace-and One Tor Cognitive, Skilics. tested saalos t 


questions could then. be assigned, to the various Categories. 


Reading Level 


Grobman (1968) also discussed the reading level of 
tests,. “le“Ahem reading tewe) Of cic test is above that of 
the student, the test scores of the student may merely 
reflect their ability or inability to work through intricate 


sentences*'to locate*the* question being asked. Unless atest 
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is intended to measure reading skills, it has been 
Suggested that the reading level of the test should be 
at least one and possibly two years below the average 


reading level of the grade for which it is being used. 


Difficulty Level 
The- difficulty level of the items on a test depends 


on the purpose of the test. These purposes are discussed 
by Grobman (1968). If a test is to serve as a basis for 
grades, some specialists in psychological measurement 
suggest that items should have a difficulty level of fifty 
percent. tuHowevers; if thes tes tsase designedototmeasure 
mastery of skills required for future learning, there must 


be some items which are achieved by all. 


Reasons for Constructing Tests 
Grobman (1968) states that although it is very 


diiorcuMtboOrCONStructea Lest, most, projects have: to do 
dtssooney, or later... Romberg and Wilson. give six reasons 
why commercially prepared tests may not be appropriate to 
uSé, in ja project, and tests would have tojbemcons tructed: 


(1) The standardized tests do not cover some 
important components of mathematical ability. 

(2) The standardized tests tend to 'over-test' 
some components. 

(3) The standardized tests tend to have been 
developed with the view of testing a unitary trait. 

(4) The standardized tests often include items 
for tésting components Of little importance. 

(5 thes tandardazéed tests ijare too) long, from 
one £0 tiréeé nours:. 

(6) The standardized tests are primarily for the 
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assessment of individuals rather than groups. 


Summary 


The use of the testing instrument is one of the 
most important ways to determine the effectiveness of a 
Progham with respect -to pupil achievement. Attention 
Hustmpcmo1 ven tOstnemse 6€Ctl on of construction and the 
administration of the testing instrument. Grobman indicates 
PReMGL ELI Culty Of. OD taining appropriate tests in the 
FOULOwing Stacement. 


imemos tt Cases, »nowever, projects will have 
difficulty finding suitable achievement and 
attitude tests to measure some facets of their 
concernsedDenedoping, apnewetest is),still,more 
UtmerCUMuC mbDUteinaveDe necessary. sin the choice 
of an existing test or in the development of a 
new one, suitability to the curriculum and the 
test population are of paramount importance 
(LOS ep. 05) F 
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CHAPTER@* itt 


THE EXPERIMENTAL DESIGN AND TEST CONSTRUCTION 


The present study was’a part of the Hardisty Project 
which was concerned with the development and evaluation of a 
mode of individualized instruction for grade seven 
mathematics. The purpose of the study was twofold. First 
was to determine the effectiveness of the individualized 
mode of instruction with respect to pupil achievement 
within the cognitive domain. The second purpose was to 
assess the grouping procedures implemented in the 
individualized mode of instruction. The group membership 
of each student was determined by their achievement of 
behaviorially stated objectives. Group membership was 
flexible in that it could be changed after each topic was 


covered. 


I. NATURE OF THE SAMPLE 


The grade seven *mathematics teachers) at) the Hardisty 
Junior High School, Edmonton, Alberta, initiated the Hardisty 
Project by recognizing that some form of individualized 
instruction should be offered to their students. Thus when 
the development of the Hardisty Project by the three 
graduate students and two professors from the University 
of Alberta began, the nine grade seven classes at the 


Hardisty Junior High School became the experimental group. 
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All five grade seven mathematics teachers at Hardisty 
were involved with using the individualized mode of 
instruction which was developed. 

Investigating the effect of the individualized 
mode of instruction on pupil achievement required the 
Organization of a comparison study. A control group was 
selected for the comparison study. All seven grade seven 
classes at another junior high school in Edmonton formed 
the control group. The three grade seven mathematics 
teachers at the school were involved. Regular classroom 
instruction as had been used in previous years was used 
with the control group. The experimental and control groups 
were Similar in that they came from adjacent junior high 
schools in the same part of the city. Both schools were 
large junior high schools with 272 and 217 grade seven 
students in the experimental and control schools respectively, 


at the beginning of the experiment. 


II. DESCRIPTION OF THE INSTRUCTIONAL PLAN 


A mode of individualized instruction was developed 
for implementation in the Hardisty Project. The 
instructional plan is discussed below. A detailed des- 
Cription and rationale of the instructional plan is 
included in the companion thesis written by M. Westrom. 

A sample of the self-study materials written for the 


Project is in Appendix C of this thesis. 
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Behaviorial objectives were written for each topic 
to be covered. These objectives were classified as Basic, 
Intermediate, and Advanced. Basic objectives were considered 
necessary to be achieved for further advancement in a 
particular topic. Intermediate objectives were generally 
more difficult, included more ideas, and were expected to 
be, achieved) by the average student. Some of the Inter- 
mediate objectives corresponded to Basic level objectives 
and simply required more complex performance of the same 
algorithm discussed in the basic objective. Other Inter- 
mediate objectives specified performance with content not 
considered essential for further advancement in the course, 
but which was appropriate for average students. Advanced 
objectives were still more difficult, included advanced 
ideas, and were expected to be achieved by the superior 
Studen t; 

Each topic was divided into two phases. During 
Phase I, the students all worked on common material based 
on Intermediate objectives, and Basic objectives for which 
there were no corresponding intermediate objectives. The 
students read a statement of the objective to be achieved 
and then worked through the development of the ideas 
involved. The students then attempted a Check Exercise on 
the objective. This Check Exercise was parallel to the 
example of the test item given in the statement of the 


behaviorial objective which illustrated the behavior required 
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to achieve the objective. If the student met the criterion 
of achievement given for the Check Exercise he proceeded 
on to the next objective written for the’next concept’ to be 
learned. Thus whenever a student achieved an objective, 
further instruction on that objective was not given. If he 
did not meet the criterion of achievement stated, the 
student worked on activities and exercises provided to give 
tUrther*rnstruction on that objective. When these activities 
and exercises were completed, he did a second check exercise. 
If he achieved this second Check Exercise on an objective, 
the student proceeded to the next objective. If he was 
not successful, he could consult a reference book, a 
student-helper or his teacher for further guidance. An 
indication of the pages in various reference books 
corresponding to each objective was given at the end of the 
Check Exercise. The student-helpers were mainly students 
who were high achievers and were willing to help other 
students in their room. They were chosen by the teachers, 
but their participation as a student-helper was voluntary. 
After obtaining “this further guidance,'-the student 
continued with the next objective. 

At*the ‘completion “of"Phase*I, the studént*wrote 
Post Test I. This test consisted of an item for each 
objective studied. The test items were parallel to the 
Check Exercises and the sample test item given in the 


objective. The achievement of the behaviorial objectives 
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on Post Test I determined which group the student would 
be in during Phase II. 

If the student achieved less than fifty percent 
of the objectives measured on’Post Test I, he entered the 
Basic group. He then received new self-study materials 
which were concerned only with Basic objectives. He did 
just what was considered necessary to progress through 
the course. 

If the student achieved between fifty and ninety 
percent of the objectives on Post Test I, he entered the 
intermediate group. Here he reviewed the materials used 
in Phase I which were based on Intermediate objectives and 
Basic objectives for which there were no Intermediate 
objectives. New exercises were provided for further 
practice. 

Students who achieved over ninety percent of the 
objectives on Post Test I entered the Advanced group. 
They were presented with Advanced objectives and activities 
which allowed them to delve more deeply into the subject. 
They also reviewed any Basic or Intermediate level 
objectives they may not have achieved. 

When the materials in Phase II were completed, 
Post Test II was written, but only on objectives not 
achieved#on®Post Test 1% 

At the completion of Phase II, problem-solving 


activities were provided. These were referred to as 
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'Challengers'. They were non-routine problems requiring 
the students to use the higher levels of the thinking 
process.5 Thesproblems were arranged in sections of 
increasing difficulty. Only the more able students were 
expected to try all the problems given. 

As this type of instruction allowed the students 
foyprogressh atedifferentprates, of,speed),,.enrichment 
activities were provided for those who progressed more 
Tapadilyte dheses activaties; were) in,therform of,laboratory 
exercises, hard problems, reading selections and mathematical 
games. The enrichment activities were generally tried only 
by the Advanced group. 

After attempting the Challengers and enrichment 
activities (for those involved), all students started the 
nextireopactat thesyintermediate, leved;; Students. were 
grouped for Phase II of each topic independently of their 
achievement, on previ0Ns, topa CS}.4.~:hus, flexibility, of, group - 
ing was provided. 

ho estab Le,,the,s tudent,,to; Keep; jtnack »f, his, progress 
through a topic, a flow chart was provided for each student. 
The flow chart outlined the various paths a student could 
take during Phase I. A similar flow chart was given to the 
students in the Basic group during Phase II. 

A record page was started for each student at the 
completion of Post Test I. This enabled both the student 


and the teacher to know which objectives were yet to be 
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achieved during (Phase lle The objectives achieved on 
Post Test II and the Challenger attempts and successes 
were also recorded. 

Duvingeriasewl se Miniwlectures’ weye held. “The 
mina-lectures) were jarge group lectures presented to those 
Students who chose tos attend them:® \The con'tent to be 
covered each period was made known to the students. The 
euicent, covered during: the minirlectures progressed at the 
same rate as the maximum time allowed for students to 
complete. .Phasevl. Some studénts attended the mini-lectures 
regularly, while most attended when they needed further 
instruction on a particular objective. 

The individualized mode of instruction developed 
allowed the students to progress through the materials at 
Varying rates, ot Speed.” Due to practical reasons, 2 
maximum time limittiwas set for the completion of a topic. 
The time limit gave even the slower students sufficient 
tinesto complete the topic. Through: the grouping 
procedures, the mode of instruction allowed the students 
to work at difficulty levels appropriate fore theireabiiicaes. 
The flexibility of}|grouping provided for by the mode of 
instruction prevented the placement of.students in a 
particular groupsfor am entire year. Student placement in 
a group in Phase II depended upon their achievement on 
that topic in PhaSe.wl, Hrrespective of previous grouping or 


achievement. A diagram of the instructional plan follows. 
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TEs © THE? TREATMENT 


Both the experimental and control groups covered 
the same subject matter during the experiment. This 
consisted of rational numbers, rates and percent at the 
grade seven level. ihe general objectives for grade seven 
Mathematics in tiismcontent area from the Alberta Depart- 
Memtwof seducaction were tollowed.. “A list of these objectives 
May bewtound  in-Appendix A of the thesis; The content was 
diviged into four topics for the experimental group. These 
topics were: 

Topic 1: Rational Numbers and Fractions; 

Topic 2: Operations with Rational Numbers; 

Topiceas: | Decimals; 

Topic. 4) Rates, Ratios and Percent. 

The individualized mode of instruction was used by 
the experimental group for five months, from February to the 
end of June, During this’ time the content area of rational 
numbers, rates and percent was studied. However, due to a 
time factor, the self-study materials developed: for the 
Project were not used: for Topic#4. ) The teachers resorted 
to a type of extended mini-lecture when presenting the 
content of Topic 4. Because the individualized mode of 
instruction attempted to cater to differing learning styles 
DY JOLLeTINng tne Mini-=lecture- during Phase [ .ofithe first 


three topics rather than enforce use of the self-study 
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materials, it was not considered completely detrimental 
to the experiment that the self-study materials were not 
used.for. Topic 4, It was indicated by the teachers that 
most students appreciated the change in instructional 
procedures. 

The» time. taken, by) thes control; group, to, cover, the 
Same content area as that covered by the experimental group 
was approximately one month less than the time required by 
the experimental group. The decision was made to give the 
control group the final achievement post-tests as soon as 
they finished the required content area, because if they 
had waited until the experimental group was finished, the 
control group post-tests could have been regarded more as 


retention tests. 


IV. SELECTION AND DESCRIPTION OF TESTS 


One of the purposes of this study was to evaluate 
the pupil achievement of students receiving the mode of 
individualized instruction developed. A comparison of 
pupil achievement between the experimental and control group 
was thus performed. In order to obtain data to perform 
this comparison, tests were administered to the students. 

A battery of pre-tests was administered to both 
groups dats the» beginnings of; the| experimenta:+Theabattery 
consisted of a standardized mathematics test, a mathematics 


achievement test constructed by the writer, and an attitude 
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toward mathematics test. Parallel forms of the achievement 
tests were administered as post-tests at the completion of 
the experiment. 


The standardized mathematics test selected was the 


Cooperative Mathematics Test - Arithmetic Form A for the 
pre-test; and the parallel test, the Cooperative Mathematics 


Test - Arithmetic FormB was selected for the post-test. 

They measured achievement in terms of the students compre- 
hension of the basic concepts, yi ee ae unifying 
principles in each content area. A major factor considered 
when selecting these tests was that they included several 
items on rational numbers, rates and percent. This was the 
content area covered during the experiment. An overall 
assessment of the general mathematics achievement of the 
students was made from the results of these tests. 

Parallel mathematics achievement tests referred to 
as Mathematics Achievement Test Form I and II were 
constructed by the writer to be used as pre- and post-tests 
respectively. They were designed to test the achievement 
of the students on the specific content area covered during 
theiexperiments aA description-ofsthe construction ofothese 
tests is given at the end of this chapter. 

The attitude test chosen was the Mathematical 
Attitude Scale, the final version of the attitude scale 
designed by Remai (1965) which he used in his study on 


student attitudes toward mathematics. The attitude test 
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provided an attitude score to be used to predict group 
membership in connection with Question 4 which is discussed 
atthe end of ‘Chapter IIL. 

Samples of the mathematics achievement tests 
constructed by the writer and the attitude scale are in 


Appendix D of the thesis. 
V. DESCRIPTION OF TEST ADMINISTRATION 


All pre-tests were administered to both groups 
during the first week of the experiment. ~This included 
the Mathematical Attitude Scale, the Cooperative Mathematics 
Test - Arithmetic Form A, and the Mathematics Achievement 
Test’ Form 1. They were administered by the teachers 
involved with both groups. There was no time limit a coe 
Mathematical Attitude Scale, as it was easily completed in 
one class period. <A time limit of forty minutes was set 
for each of the two achievement tests. Students responded 
to all test items on machine-scored answer sheets which 
were marked by an optical SCOLET. | 

The same regulations were placed on the post-test 
administrations as for the pre-tests. The control group 
wrote their post-tests about a month earlier than the 
experimental group as they had completed all subject areas 
included in the experiment. The achievement post-tests 
were written by the experimental group as soon as they had 


finished aligxtour! required! topics. 
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VIS eoOURCEVOFSDATA 


Each student in each group was given an 
identification number. Lorge-Thorndike verbal and non- 
verbal I.Q. scores and Gates Reading Survey - Form I 
reading scores were obtained for each student from their 
cumulative record.- Past achievement scores, indicated by 
mid-term examination marks which were determined by the 
teachers before the beginning of the experiment and used 
POmereport card purposes, were obtained for the students 
inethe c-experimental group. These scores were key-punched 
on individual IBM data cards along with pre- and post-test 
achievement scores for each student. 

Further information was gathered on the students 
imsthexexpenimental group. As the individualized mode of 
ins tructioncahlbowed ithe students to enter one of three 
groups during Phase II of each topic, and group membership 
could be schangedahorieachptopre ntti wassidecided to keep 
track of which groups each student belonged to for the 
first three topics. A group membership score was deter- 
mined for each student receiving the individualized mode 
of instruction. A group stability score was also formed 
for each student receiving the mode of instruction to 
indicate how often his group membership changed. An 
explanation of how these two scores were determined is 


given in the thesis in the discussion of statistical 
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48 
analyses used. 


Vite NUE HYPOTHESES AND STATEMENT OF 


ANALYSES USED 


Four main questions were of concern in the study. 
They are listed with the corresponding hypotheses which 
were tested to indicate how the questions should be 
answered. The statistical analyses used to test the 


hypotheses are also given. 


Question 1 

Does pupil achievement differ between the pre- 
test and the post-test under individualized (experimental) 
instruction; and under regular classroom (control) 
instruction? 

Hypothesis l(a): 

There is no significant difference between 


mathematics achievement pre-test and post-test 
scores for the experimental group. 


Hypothesis 1(b): 


There is no significant difference between 
mathematics achievement pre-test and post-test 
sconesationm thesicontro] ieroup. 


Hypothesis l(c): 


There is no significant difference between 
the standardized mathematics pre-test and post- 
test scores for the experimental group. 


Hypothesis l1(d): 


There is no significant difference between the 
standardized mathematics pre-test and post-test 
scores’ for the control..group. 
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The above hypotheses were tested by using a 
correlated t-test: ‘They were tested to determine if both 
the experimental and control treatment produced signifi- 
cant results with respect to achievement. It was expected 
that significant results would appear, and the following 
hypotheses were based on this expectation, as further 
investigation would be pointless if neither treatment 


produced significant results. 


Question 2 


Does pupil achievement differ between the 
individualized (experimental) and the regular classroom 
Meontrol) instruction, considering the effects of reading 
ability and TPi@nclevel tofmthe students? 


Hypothesis 2(a): 


Theregis no, Significant difference between 
group means as measured by the mathematics 
achievement post-test, using 1.Q., reading 
and mathematics achievement pre-test scores 
as covariates. 


Hypothesis 2(b): 

There-is no significant difference between 

group means as measured by the standardized 

mathematics post-test, using I.Q., reading 

and standardized mathematics pre-test scores 

as covariates. 

The above two hypotheses were tested using a one- 
way analysis of covariance with the indicated variables as 
covariates. Correlations were found among I|I.Q., reading 


and achievement pre- and post-test scores to justify the 
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use of the above variables as covariates, 
fo funtherjunvestapatehthe effectsi ofi reading 
levels and I.Q. scores on the treatment, the following 


hypotheses were tested. 


Hypothesis 2(c): 


Ntethree jweadingi levels ,iitherecisoenopsignaifiz 
cant difference between group means as measured 
by the mathematics achievement post-test, using 
the mathematics achievement pre-test score as a 
covariate. 


Hypothesis 2(d): 


There is no significant interaction between 
reading levels and modes of instruction as 
measured by the mathematics achievement post-test. 


Hypothesis 2(e): 


Atmihreecmi¢#Qs devedstthere is noysignaficant 

difference between group means as measured by 
the mathematics achievement post-test, using 

the wathematicsmachieyementepre-=test *sicoresas 
a covariate. 


Hypothesis 2(f): 


There is no significant interaction between 
I.Q. levels and modes of instruction as measured 
by the mathematics achievement post-test. 


Hypothesis 2(g): 


At three reading levels there is no significant 
difference between group means as measured by the 
standardized mathematics post-test, using the 
standardized mathematics pre-test score as a 
covariate. 


Hypothesis Z24hd4 


There is no significant interaction between read- 
ing levels and modes of instruction as measured 
by the standardized mathematics post-test. 
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Hypothesis 2(i): 

At three I.Q. levels’ there is no ‘significant 
difference between group means as measured by 
the standardized mathematics post-test, using 


the standardized mathematics pre-test score 
as a covariate. 


Hypothesis 2(j): 

There is no significant interaction between I1.Q. 

levels and modes of instruction as measured by 

the standardized mathematics post-test. 

A study by Bloom (1968) indicated that there is a 
high correlation of 0.60 between grade point average and 
reading comprehension. Reading was anticipated to be an 
especially important learning factor for students in the 
experimental group, as the self-study materials required 
more reading from the student than is usual in regular 
classroom instruction in mathematics. The three reading 
andethesthree I.Q. levels were vhigh,; mediumvand: low: 

The high, medium and low reading levels and. 1.Q. 
levels were determined by ranking the.students from both 
groups with respect to reading scores .and then 1.Q. "scores. 
They were then divided into three equal sections for both 
scores. The high reading level consisted of students with 
reading scores over 100, the medium reading level students 
had reading scores between 87 and 100, and the low reading 
level had reading scores under 87. The high I.Q. level 
consisted of students with I.Q. scores over 114, the 
medium I.Q. level had I1.Q. scores between 104.5 and 114, 


anautne “wow tea. alevebthad IMOnescoreseunder/ 10415) The 1.Q. ' 
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scores used were the average of the verbal and non-verbal 
I.Q. scores which had been obtained for each student. 
The hypotheses were tested by a two-way analysis 


of covariance, using the indicated variables as covariates. 


Question 3 


What percentage of objectives are achieved by pupils 
receiving individualized instruction in each of the three 
Proups at. the end of Phase Il? 

Basic Group. As the Basic objectives studied by 
the Basic group in Phase II were different from the Inter- 
mediate objectives studied during Phase I, a statistical 
analysis could not be performed. Descriptive results only 
were obtained. The average percent of Basic objectives 
achieved by pupils in the Basic. group after the completion 
Of Phase liwas) catculated "for each of: the! -first ‘three 
topics. 

Intermediate Group. The Intermediate group studied 
the same objectives during Phase II as Phase I. Thus, a 
statistical analysis was used to test the following 
hypothesis. 

Hypothesis 3: 


Forathe-intermediatee group, ptheréeds inorSignifi- 
cantedifference between ithe ‘numbervoft- ebjectives 
achieved after completion of Phase I and after 
thescompletivons ob Phase Uisfor each iof the’ first 
three topics. 


A correlated t-test was used to test the hypothesis. 
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Advanced Group. Students in the Advanced group 
studied Advanced objectives during Phase II of each topic. 
As these were different from the Intermediate objectives 
studied in Phase I, a statistical analysis could not be 
used to compare achievement before and after completion of 
Phase II. Descriptive results only were given, as the 
percentage of Advanced objectives achieved by the Advanced 
group were calculated at: the“end of each’ v0f the first three 
LOpucs>. 

Question 3 was considered in order to determine if 
Phase II of the instructional mode was a beneficial part 
of the mode of instruction developed. 

The individualized mode of instruction allowed 
students to change their group membership for each topic. 
An investigation was made to determine how many changes were 
made and’ if’ it was’ significant. “An: attempt to predict the 
average group membership of each student was made. 

Question 4 was formed with respect to the flexibility of 


grouping procedures discussed above. 


Question 4 


Is the flexibility of grouping based on the achieve- 
ment of behaviorial objectives, as provided in the 
individualized mode of instruction necessary? 


Hypothesis 4(a): 


There is no significant difference. between zero 
and the mean group stability score of students 
receiving the individualized mode of instruction. 
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To test this hypothesis, a group stability score was 
determined. A value of zero was given if a student stayed 
in the esame -group in Phase II for two. consecutive topics. 
If the student changed from Basic to Intermediate, Inter- 
mediate to Basic, Intermediate to Advanced or Advanced to 
Intermediate groups, a value of one was given. If the 
student moved from Basic to Advanced or Advanced to Basic, 
a score of two was given. The sum of these values was the 
group stability score. 

Maiacectewasmappileastosde termine sit the mean) group 
stability score was significantly different from zero. A 
Score Of; Zeroeindiacated. no. group,movement. 


Hypothesis 4(b): 

PherehiscynoOsrdentafiable pattern, of,character - 

PeGleomlC, Cm Ver ala... NON Veroal 6.0. , 

reading, attitude, past achievement as measured 

by the grade seven mid-term mathematics exami- 

nation, standardized mathematics pre-test, and 

mathematics achievement pre-test scores) to 

predict the. group to which a student receiving 

the Individualized-mode of instruction wild 

usually belong. 

To test this hypothesis, an average group member- 
ship score was determined for each student. A value of one 
was given when the student was in the Basic group, a value 
of two when in the Intermediate group, and a value of three 
was given when the student was in the Advanced group. The 
average of these values was the average group membership 
score for each student. 


A step-wise linear regression equation was formed, 
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using verbal I.Q., non-verbal I.Q., reading, attitudes 
towards mathematics, past achievement as measured by the 
grade seven mathematics mid-term examination, standardized 
mathematics pre-test and mathematics achievement pre-test 
scores as predictor scores, and the average group member- 
Ship score as the criterion. score. This indicated if. the 
average group membership score could be successfully 


predicted. 
IX.) Lleol CONSTRUCTION 


Two mathematics achievement tests were constructed 
by the writer to test the specific content area covered 
during the experiment. One test, referred to as the 
Mathematics Achievement Test Form I, was used as a pre- 
test at the beginning of the experiment. The other test, 
referred to as the Mathematics Achievement Test FormII, was 
used as the post-test. 

The tests were designed to be parallel and were 
based on the objectives set out by the Alberta Department 
of Education for grade seven mathematics concerning rational 
numbers, rates and percent. These objectives are listed 
in Appendix A of the thesis. Form I was constructed and 
administered before the construction of Form II began. 

The construction of Form I is discussed first. 
Four to six test items were constructed corresponding 


to each of the twelve objectives. They were classified 
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according to Bloom's Taxonomy (1956) and were entered on 
a test grid. The two axes of the grid were objectives 
and item classification. There were items for each 
classification except evaluation. Avital and Shettleworth 
state that in mathematical performance the evaluation cate- 
gory cannot be distinguished as distinct as it may belong 
in the category of analysis or synthesis (1969, p. 7). 
The item classification was performed by the writer, a 
colleague and a University advisor. Two tests were then 
made from these items. Each test had one, two or three 
items for each objective being measured. They were adminis- 
tered to 74 and 64 grade eight students. Grade eight 
students were chosen because grade seven students had not 
yet covered these topics. An item analysis was performed 
on both tests. selecting the best items for each objéctive 
from the two tests as determined by the item analysis, a 
third test was made. 

The» third’ test’ consisted of one to three items for 
each objective being measured. It was administered to 145 
grade eight students and an item analysis was performed. 
Considering the results from the item analysis, the 
questions were revised in an appropriate manner. The revised 
test was then discussed in a seminar class by graduate 
students and University professors as to content validity 
and item structure. The recommended revisions were made 


and the test was then reviewed by the mathematics teachers 
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at the control school to ensure that all items on the test 
were appropriate for the control group. The test was then 
administered as a pre-test for both experimental and control 
groups. Special caution was taken to ensure that there was 
no bias in favor of either group in the construction of the 
test. The test was based on objectives which were common 

to both the experimental and control groups. 

A copy of the Mathematics Achievement Test Form I, 
the item analysis results and the test grid formed during 
the construction—of* Form I is in Appendix D of the thesis. 

Form II, used as a post-test, was constructed to be 
parallel to Form I which was used as a pre-test. During 
ehesconstruction of the test, pilot studies were made to 
determine which items were acceptable. Two pilot studies 
were made on the problem-solving items of the test, as it was 
felt that it- would be more difficult to construct parallel 
ptems, in this classification. The’ problem-solving items 
constructed for Form II and the problem-solving items from 
Eorm I_ were given.to thirty grade eight students. The 
items were analyzed and revisions were made to the Form II 
items which would make them more parallel to the items 
from Form I. Parallel items were then constructed for all 
questions on Form I, and both Form I and Form II were 
administered to two classes of grade eight students. Each 
student wrote both tests. Half of each class wrote From I 


and half wrote Form II during the first administration. A 
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week later, the students wrote the test they did not write 
duringsthe firsteadmimisitrationng Theswritingnofhthe alter- 
native form of the test in different orders was done to 
eliminate the possibility that students might have found 
the second test written easier than the first, due to recall 
of items on the first test. 

Item analyses were performend on both tests. The 
Pearson-Product Correlation of the two tests was found to 
be .7158. The following table, Table II,. gives the mean, 
variance and Kuder-Richardson 20 reliability score for 


Form I and Form II as was determined by the pilot study. 


TABLE Sell 
MEANS, VARIANCES AND KUDER-RICHARDSON 20 
RELIABILITY SCORES FOR FORM I AND FORM II 
=ePiILOT s TUDY, 


Test N Total Raw Mean Variance KR-20 


Score Rel. 
Form I 60 24 ASG 1570 eles 
BOrm [ae 5)7 24 147205 a OO 1 LOS 


Considering the item analyses, revisions were made 
onisome, ofsthesi tems sin Shormell weelhewrevisedstest was 
then used as the post-test. A copy of Form II.and the 
results of the item analysis performed on it when used as 


the post-test are found in Appendix D of the thesis. 
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The means, variances, and Kuder-Richardson 20 


reiiabiiity scores” for Formil and Form II when they 


were administered as the pre- and post-tests are given 


in’ Tableliilik 


PABLCE sil 


MEANS, VARIANCES, AND KUDER-RICHARDSON 20 
RELIABILITY SCORES FOR FORM I AND FORM II 


fest Group N Total 
Raw 

Score 
Form I Exp. Lot 24 
Gontrol ‘20S 24 
Form II Exp. 258 24 
Control 216 24 


Mean 


(anya 
8.48 


dha 
102.50 


Var. 
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has 02 
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CHAPTER IV 


THE FINDINGS OF THE INVESTIGATION 


In this chapter the findings of the study are 
presented. Under the four main questions of the study, 
the data relating to the corresponding hypotheses are 
presented and analyzed. 

The purpose of the study was twofold. First was 
to assess the effect of the individualized mode of 
ins tructiionOwathtrespect to pupil achievement within the 
cognitive domain. The second purpose was to determine the 
effectiveness of the grouping procedures incorporated in 
the individualized mode of instruction. 

The first two main questions of the study are 
concerned with the first purpose of the study, that of 
assessing pupil achievement. The results of investigations 


made concerning the first two questions are now reported. 


I. QUESTION 1 


Does pupil achievement differ between the pre-test 
and the post-test under individualized (experimental) 
instruction; and under regular classroom (control) 
instruction? 

It was considered necessary to determine if both 
modes of instruction produced significant results with 


respect to pupil achievement as non-significant results 
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would indicate that further investigation was pointless. 
Pupil achievement was measured by the pre- and post 
mathematics achievement tests and the pre- and post 
standardized mathematics tests. Only students who had 
Written all four tests were, included «in sthe sample... The 
hypotheses tested to answer this question are given. 


Hypothesis lJ(a): 


There is no significant difference between 
mathematics achievement pre-test and post- 
test scores’ for the experimental “group. 


Hypothesis l(b): 


There is no significant difference between 
mathematics achievement pre-test and post- 
testuscores’ for  theitcontrol group. 


Hypothesis) I(c):: 


There is no significant difference between the 
standardized mathematics pre-test and post-test 
SCOlres i OTe enemexperimental) proup. 


Hypothesis 1l(d): 

There is no significant difference between the 

standardized mathematics pre-test and post-test 

SCOLES@LOretneacontrol  eroup., 

The above hypotheses were tested by using a 
correlated t-test. The mean (X) and standard deviation 
(S.D.) of each test is indicated in Table IV along with 
the correlations (r) and t-ratios between pre- and post- 
tests. The total raw score for the standardized mathematics 


test was 50, and for the mathematics achievement test it 


was 24, 
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TABLE? 10¥ 


MEANS, STANDARD DEVIATIONS, CORRELATIONS AND t-RATIOS 
ROR) PRES LAND@SPOSTETESTS 


Group Lest N Préai}Post-tnPresguPost r tr 
(X) (Xx) (Se De) a(SeDs) ratio 
EXD: San de cee cag cee Coe Omoi) 7 . 00 gt.0l. Fi se21* 
Math. 
Control —Stand.—-i-/76>—-24..89 29.00. 6.49 7.57.63 10.13% 
Math. 
EXD Math. 220 ee eG Ou Oe oe OBR 218 Vile Oo” 
Ach. 


Control Math. 176 SO meen ON 9 dower) Se a, 42 Od 8.92% 
Ach. 


*-Correlation sign#ficantftatathed.0lelevei. 


As@eati teratvosicagculated were significant at the 
.01 level, all four null hypotheses formed under Question 1 
wereyrejectedevasSignificantgedifferencesiin pupilhachiéeves 
ment as measured by the mathematics achievement pre- and 
post-tests, and the standardized mathematics pre- and 
post-tests resulted from both modes of instruction. 

To°further investigate: thereffect of the 
individualized mode of instruction on pupil achievement, 
it was decided to compare the pupil achievement of the 
experimental and control groups as measured by the 
standardized mathematics tests and the mathematics achieve- 
ment tests. Question 2 was formed with respect to this 


investigation. 
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II. QUESTION 2 


Does pupil achievement differ between the 
individualized (experimental) and the regular classroom 
(Gontro®) instruction, considering the @ffects fof reading 
ability alawl.U. eve. a1 the Student: 


Hypothesis 2 (a): 


There is no significant difference between 

group means as measured by the mathematics 

achievement) post-test, using I1.Q8, reading 

and mathematics achievement pre-test scores 
as covariates. 


Hypothesis 2(b): 

There is no significant difference between 

group means as measured by the standardized 

mathematics post-test, using I.Q., reading 

and the standardized mathematics pre-test 

scores as covariates: 

The above two hypotheses were tested by a one-way 
Bias sOLRCOVAGLAnNCemuS Ing s1Os, ereading .and «the»indicated 
DiGeuestuace cCOVaLlatco ws. lien. O.eSCOLG.USedswas the 
average Of the Lorve-iiormdtke vetpal-and non-verbal 1 .Q. 
scores. The reading score was obtained for each student 
from the Gates Reading Survey - Form 1. Only students who 
had-written.allfour achievement tests were included in 
the sample. 

The correlations among the 1.Q.,_.reading, mathe- 
matics achievement pre- and post-test and the standardized 
mathematics pre-. and post-test scores*“are given°for the 


experimental and control group in Table V and Table VI 


réspectively. 
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TABLE V 


CORRELATIONS AMONG VERBAL I.Q., NON-VERBAL 1.Q., 

READING, MATHEMATICS ACHIEVEMENT PRE- AND POST- 

TEST AND STANDARDIZED MATHEMATICS PRE- AND POST- 
TEST SCORES FOR THE EXPERIMENTAL GROUP 














1 2 3 4 & 6 7 
Viele NG Vein Un eRe aGd-= Math. Math. otand. ocand. 
ing Ach, Ach. Pre Post 
Pre Post 
1 170.0 15 76 44 745 61 Su 
Z 1.00 57 47 48 62 54 
5 ibe, alii .48 af 58 
4 1.00 52 .63 45 
5 00 Hehe 67 
6 1.00 62 
ik 1.00 
TABLE VI 


CORRELATIONS AMONG VERBAL I.Q., NON-VERBAL 1.Q., 

READING, MATHEMATICS ACHIEVEMENT PRE- AND POST- 

TESTS AND STANDARDIZED MATHEMATICS PRE- AND POST- 
TEST SCORES FOR THE CONTROL GROUP 


il 2 3 4 5 6 i 
Veda eoN. Viel. Qs Read~= «Math, » Math. = eo tandemetande 
ing Ach. JAch. Pre Post 
Pre Post 

1 1.00 ais Ae 47 . 48 Hogt a 
2 1.00 $57 44 44 en 54 
3 1.00 .40 . 46 35.3 «GT? 
4 Wd on 62 cove Jo 
5 eae aol 67 
6 0.0 ~61 
Z 1.00 
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Analysis of covariance combines the advantages 
of regression analysis with analysis of variance (Kirk, 
1968, p.455).. Through regression analysis the dependent 
variate can be adjusted so as to remove the effects of 
the uncontrolled source of variation (covariate). Analysis 
of variance is then performed on the adjusted scores. 
The regression equations formed for each group with respect 
bomcacnmacitevementeavestware’ Stated ine Table VII.P"1L.Q. 
(Xj); reading (X,), mathematics achievement pre-test (Xz) 
and the standardized mathematics pre-test (Xq) scores are 


Evespredictow variables" 


TABLE yVid 


REGRESSION EQUATIONS FORMED DURING ANALYSIS OF 
COVARIANCE CALCULATIONS INVOLVING THE 
MATHEMATICS ACHIEVEMENT AND THE 
STANDARDIZED MATHEMATICS TESTS 
———— eee 


Group Test Regression Equation 
Exp. Math. Y = -4.88 + .82 + .08(X,) + .04(X,) + .53(X.) 
1 ‘i 3 
Ach. 
Conc. Math..._Yo= 24.88 2 B24 0B (Ngan Aol Kegan 
trol Ach. 
53 (Xz) 
Exp.. Stands -Y = -5,19 + =,11 + -10(X,) + .13(X5) + 
Math. 
42(X,) 


Con- “se Stand, GY¥uei. 5190s 10(X,) + .13(X,) + .42(X,) 
ELoOL Math, 
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The analyses of variance, performed on the 
adjusted means of the mathematics achievement post-test 
and the standardized mathematics post-test, results are 
pgiven tn. table *Vililvand= tablemix™respectively s*ri.Q.. 
réading andthe corresponding pré=tests “scores “were “used 


as covariates. 


TABLES VIII 


SUMMARY TABLE FOR ANALYSIS OF COVARIANCE RESULTS 
INVOLVING THE MATHEMATICS ACHIEVEMENT TEST 


Source SS DF MS F-Ratio Prob. 
A 249.82 ir 249.82 VA al 0.00000* 
error 4490.26 391 Piao 


* F-ratioosignificant) at: the. .01 level 


TABLEre dX 


SUMMARY TABLE FOR ANALYSIS OF COVARIANCE RESULTS 
INVOLVING THE STANDARDIZED MATHEMATICS TEST 


Source Sa DF MS F-Ratio Prob. 


A 4.67 il 4.67 115 0.69 


error 14 73845 394. 3De OZ 


Hypothesis 2(a) was rejected as the F-ratio was 
Significant at the .01 level. The experimental group had 


a Significantly higher adjusted group mean than the control 
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group with respect to pupil achievement as measured by 

the mathematics achievement post-test, using 1I.Q., read- 
ing, and mathematics achievement pre-test scores as 
covariates. The adjusted group mean for the experimental 
group was 1.644 points higher than the adjusted group mean 
fon the. control ,group. 

Hypothesis 2(b) was not rejected as the F-ratio 
WaS. not. Significant. ats they .01 Level .,.7dhene, wasono 
Significant difference between group means as measured by 
the standardized mathematics post-test, using I.Q., reading, 
and standardized mathematics pre-test scores as covariates. 
The adjusted group mean of the control group was .2246 
points higher than the experimental adjusted group mean. 

TO continue the comparison of pupil achievement; of 
the experimental and control groups, the achievement scores 
SpaLoe tt WO PLOUDS atethrecsreading akevels and three 1:0. 
Teveismwerescompatred. sebOtn reading and=1.Q. scores were 
found to be signifigantypredictorsj;04 the criterion gscore 
in the regression equation formed. in*thée analysis ‘of 
covariance reported above. This tended to support the use 
of reading and.I.Q. ‘scores :as covariates and also*the further 
investigation done pertaining to comparison of pupil achieve- 
ment at three reading and three I1.Q. levels. Reading was 
expected to be an important learning factor for the 
experimental group due to the large amount of reading 


required of these students using the self-study materials. 
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The ‘three reading levels: and the three, 1.Q. levels 
were high, medium and low. Students in the high reading 
level had reading scores over 100, students in the medium 
level had scores between 87 and 100, while students in the 
low reading level had scores below 87. Students in the 
nuécheels. 03. wWiewe ludvad Ws. Qho'sicometssipreater than 114, students 
in the medium level had scores between 104.5 and 114, 
while students in the low I.Q. level had I.Q. scores less 
than 104.5. 

The means and standard deviations of the verbal 1.Q., 
non-verbal I.Q., and reading scores for each group are 


stated in Table X. 


TABLE X 


MEANS AND STANDARD DEVIATIONS OF VERBAL I.Q., 


NON-VERBAL I.Q., AND READING SCORES 
————===_—— Olle 


Group N Score Mean Si.) . 
EXD" Lod Vil Qu LO DeOr2 L:Oneee. 
NAvie 0. Oo ths 5: 265 
Reading SUIS) LG wo 
Control U7 ky Vixbad ; LiQs9 so7EZ 13.14 
No Vielen) 100 0 DA ORS 


Reading DA59 16.96 
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Two-way analyses of covariance were performed 
for the comparison of pupil achievement at three reading 
levels andethree/1I.Q.:levelsiemPupil achievement was 
measured by the mathematics achievement post-test and the 
standardized mathematics post-test. The corresponding 
pre-tests were used as covariates. 

Analysis of covariance requires that equal or 
proportionate numbers of scores are in the various subgroups. 
Lewis suggests that one way to obtain equal or proportionate 
Coimerrequencies ise Onallow, more pupilsmin each’ group, than 
is actually needed and then randomly reject scores from 
the-unduly—Large—subgzroups...._Lf—only..a—few—s.cores—have—to 
be rejected, Lewis feels this might be the most sensible 
method to adopt (1968, p. 180). This procedure was used 
to obtain proportional cell frequencies in the two-way 
analysis.of covariance used for comparison of pupil achieve- 
ment. 

the null hypotheses tested in tltis comparison~are 
stated. Following each hypothesis is a table giving the 
adjusted cell means from the analysis of covariance 
calculations and a summary table reporting the analysis of 
GCOVariance resulvs, 


Hypothesis 2(c): 


At thréé reading Levels; there is no significant 
difference between group means as measured by the 
mathematics achievement post-test, using the 
mathematics achievement pre-test score as a 
covariate. 
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Hypothesis 2(d): 


There is no significant interaction between 
reading levels and modes of instruction, as 
measured by the mathematics achievement post- 
test. 


TABLE-~ "XI 
ADJUSTED CELL MEANS (X) OF THREE READING LEVELS FOR 


EXPERIMENTAL AND CONTROL GROUPS INVOLVING 
MATHEMATICS ACHIEVEMENT POST-TEST RESULTS 


Group High Reading Medium Reading Low Reading 


N X N xX N X 
EXD. jal 13.54 60 HEARST AS) 69 DU Rice), 
Control 62 elie. 50 Die 2 60 i ag rel 
TABLE XII 


SUMMARY TABLE FOR ANALYSIS OF COVARIANCE RESULTS 
INVOLVING MATHEMATICS ACHIEVEMENT POST-TEST 
SCORES AT THREE READING LEVELS 


Source 3S DF MS F-ratio 
I (Reading) 423.03 Zz ZL 1 a5 LiiO Oy 
J (Treatment) 295 0ab i 293.01 247 18 
ie shell 

(Interaction) ere tS) A 4.56 55 
Error 4330.29 365 Wi Mr bake 


* F-ratio significant at the .01 level 
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Hypothesis 2(c) was rejected as the F-ratio for 
treatment effect was significant at the .01 level. At 
three reading levels, the experimental group had signifi- 
cantly greater adjusted group means as measured by the 
mathematics achievement post-test, using the mathematics 
achievement pre-test score as a covariate. To determine 
which reading levels had significant differences, a one- 
way analysis of covariance was made at each of the three 
reading levels. The pupil achievement was measured by the 
mathematics achievement post-test and the corresponding 
pre-test was used as a covariate. The results of these 


analyses are in Table XIII. 


TABLE XIII 


SUMMARY TABLE FOR ANALYSIS OF COVARIANCE RESULTS 
FOR EACH READING LEVEL INVOLVING THE MATHEMATICS 
ACHIEVEMENT POST-TEST 


—_—  EEEEe—eEEEEEEEEEEEEEEEEEEEEeEEeEEEIEEEIEIOoICUCU*U)U iIlSSIli]'(illlil]lil]lSSISIS=S=S=™=LEEEEESELLL____ 


Source SS DF MS F-ratio Prob. 

A (High 7 Osaz9 1 eo 5.89 OF Oi 
Reading) 

Within 1526.40 128 Oa TOS 

A (Medium OBS S41: 168.51 2, as 0.5.8.0,1;* * 
Reading) 

Within 1471.04 109 ibsnaetl) 

A (Low Gi 2 1 67711 6.46 OF 02s 
Reading) 

Within 1309.64 126 10.39 


- F-ratio: significant at. the. .02 level 
Rieu racuo Sion canteat. thie) 201 level 
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The experimental group had significantly higher 
adjusted means as measured by the mathematics achievement 
post-test fontedch of thelithnree).reading levels. 

Hypothesis Sa(d) was net rejectéd as the 'F-ratio 
for the interaction effect (Table XII). was not significant 
at Teheytatitlevel 2ia[here was no significant interaction 
between reading levelss and modes of instruction inwolving 
the mathematics achievement post-test. 

Hypothesis 26): 

MimecCn nec Ome LevelS.s there 1S no) Sfionrficant 

difference between group means as measured by 

the mathematics achievement post-test, using 


the mathematics achievement pre-test scores as 
ascovariate. 


Hypothesis (2(f) : 


THETew iS NO; Sion ti canu Interaction between 
I.Q. levels and modes of instruction as measured 
Dytnesmathematics achievement. post-test. 


TABLE XIV 


ADJUSTED CELL MEANS: (X).,0F (THREE 2.0. LEVELS FOR 
EXPERIMENTAL AND CONTROL GROUPS INVOLVING 
MATHEMATICS ACHIEVEMENT POST-TEST RESULTS 





Group High I.Q. Med. 1.0. Low I1.Q. 
N 6 N ye N ne 
Exp. 642 arls.08 rei iW. 618 71 10.80 


Control 5§or 1lZadi Do L0e 25 62 Baw 3 
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TABLE XV 
SUMMARY TABLE FOR ANALYSIS OF COVARIANCE RESULTS 
INVOLVING MATHEMATICS ACHIEVEMENT POST-TEST 
SCORES AT @HREEPASQ. LEVELS 


Source ae DF MS F-ratio 


TA (14HOsD See) esi) 2 ZS Tae VA MO 
J (Treatment) 7G WARS 1 214025 18,45 
1 ise ce | 

(Interaction) a heel F474 2 . 86 GL! 
ELrroL 4354.28 S/o Ae Ou 


* F-ratio significant at the .01 level 


Hypothesis.2Z(e)j;was rejected as the F-ratio for 
treatment—effect-was~—significant-at—the—,01—level.—--At 
three 1.Q.° levels, the» experimental group had significantly 
higher group means as measured by the mathematics achieve- 
ment post-test, using the mathematics achievement pre-test 
as a covariate. To determine which I.Q. levels had 
Significant differences a one-way analysis of covariance 
Wacmpet LOmmecdsatecacnwOmeune cutee IO. levels meine 
mathematics achievement pre-test score was the covariate. 
The results of these analyses are reported:in Table XVI. 

The experimental group had significantly higher 
adjusted group means as measured by the mathematics achieve- 


ment post-test for each of the three 1.Q. levels. 
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TABLE XVI 


SUMMARY TABLE FOR ANALYSIS OF COVARIANCE RESULTS FOR EACH 
I.Q. LEVEL INVOLVING THE MATHEMATICS ACHIEVEMENT 


POST=TEST 

Source SS DF MS F-ratio Prob. 
A (High 

ees) 58--Sb a §8--5-1 S18 aad Wi a 
Within oe ELO i pal 
A (Med. 

TOs) 76.41 il 76.41 4.97 U0 27 
Within 1950.72 127 15:55:60 
A (Low 

B03) So mabe al 89.19 One a OF00 225° 
Within Do a7 130 Lg 
: F-ratio significant at the .03 level 


ag F-ratio significant at the .02 level 
Sere ratio stoniiicant at the 07) level 


Hypothesis .2(f£) was not- rejected as the.F-ratio for 
the interaction effect (Table XV) was not significant at 
ic Leleove jenincremwaseiOmsdonliitcant interaction 
between I.Q. levéls and modéeSof instruction involving the 
mathematics achievement post-test. 


Hypothesis 2(g): 


At. three reading levels, there .is no.significant 
difference between group means as measured by 
the standardized mathematics post-test, using 
the standardized mathematics pre-test as a 
covariate. 4 


Hypothesis 2(h): 


Tueresis.nO.Si out icant interaction between. read- 
ing levels and modes of instruction as measured 
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by the standardized mathematics post-test. 


TABLE XVII 


ADJUSTED CELL MEANS (X) OF THREE READING LEVELS FOR 
EXPERIMENTAL AND CONTROL GROUPS INVOLVING THE 
STANDARDIZED MATHEMATICS POST-TEST RESULTS 





Group High Read. Med. Read. Low Read. 
N AN N i N ie 

Exp. 71 Sa et is 60 29%, 210 69 25.98 

Control 62 Sa taOdl: 50 29s, 585 60 25.44 


TABLE XVIII 
SUMMARY TABLE FOR ANALYSIS OF COVARIANCE RESULTS 
INVOLVING THE STANDARDIZED MATHEMATICS POST-TEST 
SCORES AT THREE READING LEVELS 


Source SS DF MS F-ratio 


I (Reading) 1671.04 2 SS SIZ esol" 
J (Treatment) .06 1 .06 sedal 
IGxow 

(Interaction) dapsone 2 9.08 mapas 
EaanOu, MLO Ge aS 365 HPAL OAS 


*“F-Yyatio significant ‘at the, .01 level 


Hypothesis 2(g) was not rejected as the F-ratio 
forstreatment ¢ffectswas motssaoniticant at the, .01 level. 
At three reading levels there was no significant difference 
among group means as measured by the standardized 


mathematics post-test using the standardized mathematics 
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pre-test score as a covariate’. 

Hypothesis 2(h)*' was’ not ‘rejected’‘as ‘the’ F-ratio 
for the interaction effect ‘was ‘not significant at the .01 
level. There was no significant interaction between 
reading levels and modes of instruction: involving’ the 
Standardized mathematics post-test. 

Hy pothes isp” (i): 

Ate threes de0.9 levels ’*there astro significant 

difference between group means as measured by 

the standardized mathematics post-test, using 


the standardized mathematics pre-test score as 
aycovariates 


Hypothesis 2(j): 


there.iSs noseSienificant interaction, between. IQ. 
levels and modes of instruction as measured by 
the standardized mathematics post-test. 


TABLE OXLX 
ADJUSTED CELL MEANS (X) OF THREE 1I.Q. LEVELS FOR 


EXPERIMENTAL AND CONTROL GROUPS INVOLVING THE 
STANDARDIZED MATHEMATICS POST-TEST RESULTS 


Group High 1.Q. Med. 1.0. Low I.Q. 
N xX N xX N X 
EXD 64 S21 no a, Zid 7 ie 2 Ore. 


Control >o 517.06 59 29 011. ayia wreta rel 
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TABLE XX 
SUMMARY TABLE FOR ANALYSIS OF COVARIANCE RESULTS 
INVOLVING THE STANDARDIZED MATHEMATICS POST-TEST 
SGQRES AR THREE theQouLEVELS 


Source SS DF MS F-ratio 


PreerrQ +) Yo FA508 Z TS6N54 CeeoS* 
J (Treatment) Aeo5 i 4295 aid 
tere 

(Interaction) 94.97 2 47,48 re4q 
Brror 12369 .67 375 5209.9 


*eroratio stonitreane at the .U0l Yevel 


Hypotnestarc( My was not*reyected-as =the F-ratio 
for the treatment effect was not’*significant at the .01 
ove PeeenC tice —l.Cemilcvets —tiere was No stonittrcant 
difference among group means as measured by the standardized 
mathematics post-test, using the standardized mathematics 
pre-test as a covariate. 

My POCNeSis 2 Cy) Was tot rejected dsetie r-ratico for 
the =ittteractron eLtece was Ot sieniticant at tne SUl “level. 
There was no significant interaction between I.Q. levels 
and modes of instruction, involving the standardized 
mathematics post-test. 

While there was no significant difference between 
group means of the experimental and control groups with 
respect to pupil achievement as measured by the standardized 


mathematics tests, the experimental group had significantly 
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better results with respect to pupil achievement as 
measured by the mathematics achievement tests. Further 
investigation revealed that the experimental group had 
Significantly higher scores than the control group at all 
three reading and I.Q. levels with respect to pupil 
achievement as measured by the mathematics achievement 
tes'‘ts* 

There was no significant interaction effect between 
reading or I.Q. levels and modes of instruction. 

The second purpose of the study involved an 
intrinsic evaluation of the individualized mode of 
Mis eLuctLOnNeWithelrespect tom theegrouping procedures used. 
Questions 3 and 4 were concerned with this aspect of the 
Study. The results of investigations concerning these 
questions are now reported. 

According to the instructional plan for the 
individualized mode of instruction, each topic was divided 
into two phases. Students worked through Phase I at the 
Intermediate level, and depending upon their achievement 
of the behavioral objectives studied in Phase I, they 
entered either the Basic, Intermediate or Advanced group 
for Phase II. Phase II allowed the students in the Basic 
group Co “concentrate on Basic objectives, ones: that: were 
considered necessary to be achieved for further progress 
chrougheithe. course. students in ‘the, Intermediate group 


reviewed their unachieved objectives from Phase I, 
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Advanced objectives were presented to the students in the 
Advanced group. Thus as well as reviewing any unachieved 
objectives.from Phase I, they were able to delve more 
deeply..into_the.subject.matter.It-was-of-interest=<to 
determine how effective Phase II was. How many Basic 
objectives were the Basic group able to master? Did the 
mcermedaiate group achieve Signiticantly more, Intermediate 
objectives after Phase II than at the beginning of. Phase II? 
How many Advanced objectives did the Advanced group achieve? 


These questions were combined to form Question 3. 
Tle COUES FLON 13 


What percentage of objectives are achieved by pupils 
receiving individualized instruction in each of the three 
groups at the end of Phase II? 

BasicCeGroupes asi the Basic eobjectives. studied 
during Phase li were different from the. Intermediate 
objectives studied during Phase I, descriptive results only 
are given. No statistical analyses were performed. The 
percentage of Basic objectives achieved by the Basic group 
after the completion of Phasé ll uforacachsotethe first 
three topics was calculated. These findings are reported 


in..Table XXII 
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TABLE XXI 


PERCENT OF: BASIC OBJECTIVES, ACHIEVED BY THE BASIC 
GROUP VALS DHE SEND ORSPHASESIIy FORY EACH TOPIC 


LOpic N AVermPerTcent Das 
1 104 LOE Tay 17.44 
2 75 65.70 ZUre00 
a de] 1 Sdn 9:6 2 2eniOb 





Students who were in the Basic group because they 
had achieved less than fifty percent of, the objectives 
Studied in Phase tl, achieved an*average* om 63.28 percent 


of the Basic objectives»:they studied in; Phase Id: 


Intermediate Group. A comparison between the 


average number of objectives achieved by the Intermediate 
group after the completion of Phase I and Phase II was 
Nace OT Cache Or tne: tirstathreestopics. As the same 
Obyectives were studzed during both Phases by the Inter- 
mediate group, a statistical analysis could be performed. 
The following hypothesis was tested: 


Hypothesis 3s 


For the dntermedvtateroroup,e theres sao 
Significant difference between the number 
of objectives achieved after the completion 
of Phase gy and Phaser. for ach of the 
firs Lithirees copies. 


AvcOrrelated: t-test 10r Slenirtacance ot difference 


between means was used to test this hypothesis. Table XXII 
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shows the average number and average percent of objectives 
achieved after the completion of Phase I and Phase II, the 
standard deviations, the correlations and t-ratios for 


each copie. 


TABLE XXII 
AVERAGE NUMBER AND PERCENT OF INTERMEDIATE OBJECTIVES 
ACHIEVED AFTER PHASE I AND PHASE II, STANDARD 
DEVIATIONS, CORRELATIONS AND t-RATIOS 


TODAG N Phase Ave. Ave. Save % Carat. O 


No. Percent 
‘4 98 I 11.58 60.90 1, 67 OL 27.48* 
I 16.83 88.56 LEK 
2 45 I 10.28 6047 1 ee .69 25.59% 
Tel 1B ion 81.40 Zeeg 
3 125 i 507 64.50 1.79 POM 20.59% 
II 11.95 79.70 2.14 


* t-ratio Significant at the .01 level 


Hypothesis 3 was rejected for all three topics as 
alii; three t-rd#ios were significant at the .01 level. 
There was a Significant difference between the average 
number of Intermediate objectives achieved after Phase I 
and after Phase II for each of the first three topics by 
the Intermediate group. Students in the Intermediate 
group achieved an average, on all three topics, of 61.96 
percent of the Intermediate objectives after Phase I and 


83.22 percent of the Intermediate objectives after reviewing 
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the unachieved ones from Phase I during Phase II. 
Advanced Group. Students in the Advanced group 
during Phase II had achieved over ninety percent of the 
Intermediate objectives studied in Phase I. As they had 
only a few unachieved objectives to review, most of their 
time was spent studying the Advanced objectives. As these 
Advanced objectives were different from the Intermediate 
objectives studied in Phase I, a statistical analysis was 
not done. Descriptive results of the percentage of 
Advanced objectives achieved by the Advanced group at the 
completion of Phase II for each of the first three penne 


are given in Table XXIII. 


TABLE XXIII 


PERCENT OF ADVANCED OBJECTIVES ACHIEVED BY THE 
ADVANCED GROUP AT THE END OF PHASE II FOR 


EACH TOPIC , 
SSSS3.50—woaw3oaoS0T0—_“<—{$€—[_‘_e=>=SEOoO Te 
Topic N Ave. Percent roi gl Bis 
eS Se a a ee 
1 60 Led Tee 260.01 
2 43 58.49 417.53 
3 29 raE OE 20% 76 


The percent of students in each of the three 


groups for each topic is given in Table XXIV. 
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TABLE XXIV 
PERCENT OF STUDENTS IN EACH OF THE THREE GROUPS FOR 
EACH TOPIC 
Group rope v6 Topre 4 Fop ic s*3 Ave. 
Basic 40 28 42 37 
Intermediate 37 55 48 47 
Advanced ao 1/7 10 16 


The findings shown in Table XXII, and Table XXIV 
indicate that an average of 47 percent of the students 
(those in the Intermediate group) had achieved an average 
of 83 percent of the Intermediate objectives after Phase 
ER An average of 17 percent of the students who were in 
the Advanced group had already achieved 90 percent of the 
Intermediate objectives after Phase II for each topic. 
Thus, on the average, 63 percent of the students had 
mastered an average of 83 percent or more of all Inter- 
mediate objectives after Phase II for all three topics. 

Students receiving the individualized mode of 
instruction were able to change group membership (Basic, 
Intermediate or Advanced) at the end of each topic. This 
provided flexibility of grouping. Question 4 was formed 


concerning this aspect of the instructional model. 
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IV.44QUESTSON 4 


Is) the flexybudetyvYoftorouping based on achieve- 
ment of behaviorial objectives provided for in the 
individualized mode of instruction necessary? 

Tlemtinoteinives tt oatlon nperrormed Concerning this 
question was to determine the amount of movement that 
existed from students changing from one group to another 
for two successive topics. A group stability score was 
thus determined for each student. A value of zero was 
given if a student stayed in the same group in Phase II 
for two consecutive topics. If the student changed from 
the Basic to Intermediate groups; Intermediate to Basic, 
Intermediate to Advanced, or the Advanced to Intermediate 
group, a walue*"of*one*was: given. If he moved from the 
Basic to Advanced, or Advanced to Basic group, a score of 
two was given. The sum of these values was the group 
Stability score for each.student.: The maximum group 
stability score possible was four, and the minimum group 
stability score was zero. A group stability score of 
zero would have indicated that the student had not changed 
from one group to another for any topic. 

The number of students who never changed group 
membership, who changed once and the number of students 
who changed group membership twice for the three topics 


covered” is” given™in™~Tabte-Xxxv~ 
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TABLE XXV 


NUMBER OF STUDENTS CHANGING GROUPS FOR 
SUCCESSIVE TOPICS 


N Never Once Twice 


249 106 92 51 


Théese*find@mnes"indicate that over half of the 
students changed group membership at least once and that 
twenty percent of the students changed group membership 
twice for tlre three: topics covered in this: manner. The 
following hypothesis was tested to determine if the group 
Stability score determined for, each.student was) signifi - 
Cantivy di rterent (7 Gm 2a no . 


Hypothesis 4(a): 

There 2S NowSienit icant oda fterence «detween 

zero, .and the mean-group stability score of 

students receiving the individualized mode 

OF instruction. 

A t-test. .(McNemar, 1962... p.. 101). was: applied,.to 
test this hypothesis. Table XXVI indicates the mean, 
standard deviation and t-ratio of the group stability 


score. 


TABLE XXVI 


MEAN, STANDARD DEVIATION AND t-RATIO FOR THE 
GROUP STABILITY SCORE 


N Mean S.Da t-ratio 


249 278 «iS pa Ree 57 Big 





iu ratte sigiisicant atethe .01 level 
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Hypothesis 4(a) was rejected as the t-ratio was 
Significant at the .01 level. The mean group stability 
score was significantly different from zero. This 
indicated there was significant flexibility in group 
membership among the students. 

A further investigation was made with respect to 
the flexibility of grouping provided for in the 
individualized mode of instruction. An attempt was made 
to predict the average group membership of each student. 
The following hypothesis was tested in this investigation. 


Hypothesis 4(b): 

Theres as no identitiable pattern of character- 

istics (e.g. verbal 1.0.,.non-verbal I.Q., read- 

ing, attitude toward mathematics, past achievement 
as measured by the grade seven mid-term exami- 
nation, standardized mathematics pre-test and 
mathematics achievement pre-test scores) to 
predict the group to which a student receiving 

the individualized mode of instruction will 

usually belong. 

An average group membership score was determined 
for use as the criterion score in the step-wise linear 
regression equation formed to test the hypothesis. A value 
of one was given when the student was in the Basic group, 
a value of two when in the Intermediate group, and a value 
of three when the student was in the Advanced group. The 
average of these values was the average group membership 
score for each student. 


The following scores were used as predictor vari- 


ables in the regression equation. 
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Gle Vase Oe: Lorge-Thorndike Verbal I1.Q. score; 

Caan abe lommonce a ordi ke Nonverbal 1.0 , 
score; 

Co) OR6AgiInD es Gates, Reading. ourvey . Fromm 1 
reading score; 

(ai) Pas Gs A past achievement score measured 


by the grade seven mid-term exami- 
nation which was determined by the 
teacher and Used for report card 
purposes; 

eo eA tite: attitude to mathematics score as 
measured by the Mathematics 
Attitude Scale, where a high score 
indicates a favorable attitude with 
a maximum score of 120; 


(6) Stand.= raw score on the standardized 
mathematics pre-test; 


Cy eA Cree: raw score on the mathematics 
achievement pre-test. 


Table XXVII indicates the means and standard deviations of 
each of the predictor variables.and the criterion variable, 
and the correlation between each variable and the average 


group membership score (criterion). 
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TABLE XXVII 


MEANS, STANDARD DEVIATIONS, AND CORRELATIONS BETWEEN THE 
VARIABLES AND THE AVERAGE GROUP MEMBERSHIP SCORE 








Variable Mean wae)’ Correlation 
(Grp. Mem.) 
Werte. L106 Lo 13.00 7 410 
Never sQ. 110.63 PSPS 8S ~514 
Read. O35 «a5 15.4261 396 
Past.) = 66.81 14.394 ~794 
Att. SSg3 10.906 a2os 
Stand. 25829 6.478 983 
Ach, ray 5. one AULA 
Grp. Mem. 12858 57902 1.000 


Table XXVIII gives the statistical results for 
the prediction of the average group membership score of 


each student. 


TABLE XXVIII 


STATISTICAL RESULTS FOR THE PREDICTION OF AVERAGE GROUP 
MEMBERSHIP SCORES USING SEVEN PREDICTORS 


Step Variable Prova Percentage Vari- Sree 


Entering Level ance Accounted For 
1 Past 0.0% 62.97 SOL 
2 Stand 0.04 63.80 3.98 
3 Veul Ov 0.05 64.55 S05 
4 N.V.1.Q. 0.04 65.34 Ba52 
5 Att. 0.09 65.88 3.506 
6 Ach. 0.29 66.09 Sous 
7 Read. 0.81 66,10 Seam 


ceSienificanteat. the .~0lrlrever 
The best fitting equation for predicting average group 


membership: Vive. Grp. Mem. = --2725 +-033 (Past) 
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Past achievement was the only significant 
predictor of average group membership. The amount of 
criterion variance accounted for by the inclusion of 
other predictor variables; overiand above that accounted 
for by past achievement, was not significant at the .01 
level. Because of the low standard error of prediction 
and the significant amount of criterion variance accounted 
for by the Past Achievement score, Hypothesis 4(b) was 
rejected. The average group membership of each student 


could have been predicted by the Past Achievement score. 
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CHAPTER V 


CONCLUSIONS AND IMPLICATIONS 


] SeTHECSTUDY 


A major emphasis on meeting the needs of individual 
students is currently being placed on the instructional 
procedures used in today's schools. Recognizing the need 
COsprovider tor individual differences, the Hardisty Project 
developed an individualized mode of instruction for grade 
seven mathematics, implemented at the Hardisty Junior High 
School, Edmonton. The mode of instruction that was 
developed allowed students to progress at varying rates and 
tomscudyecontent at varying ditficulty levels in accordance 
with their needs and ability. 

Behaviorial objectives were written for all content 
eovered at three instructional levels, Basic, Intermediate 
and Advanced. Each topic covered was divided into two 
phases, Phase I and Phase II. During Phase I all. students 
Stuaied Intermediate level-objectives — §Seli-study 
materials were provided for their use, or af sthess cudents 
so chose, they could attend mini-lectures which included 
the same content covered in the self-study materials. At 
the completion of: Phase I, the students wrote a diagnostic 
post-test, Post Test I, on all Intermediate objectives 


studied. Their achievement on these objectives determined 
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which group they would enter for Phase II of the topic. 
If the students achieved less than fifty percent of the 
Intenmedtrate cobjectives studied, they entered the Basic 
group for Phase II. Here they’ concentrated on the mastery 
of Basic objectives, ones that were considered essential 
fan ifunthe roproagnessiion ithnougmptheecoursen tht the 
students achieved between fifty and ninety percent of the 
Intermediate objectives studied in Phase I, they reviewed 
the unachieved Intermediate objectives. These students 
were in the Intermediate group. Students achieving over 
ninety percent of the Intermediate objectives entered the 
Advanced group for Phase II where they reviewed any 
unachieved objectives from Phase I, and studied Advanced 
objectives for the topic which allowed them to delve more 
deeply (into the ‘subject. 

At the completion of Phase II all students wrote 
arsecond post-test, Post TestelI, ronvobjectives not 
achieved on Post Test I. The students then attempted 
problem-solving exercises referred» to«as ‘Challengers: 

The Challengers were of varying difficulty levels so that 
all students would experience a challenge while solving 
them. After attempting the Challengers, students who had 
progressed more rapidly than others did enrichment 
activities. When Phase I of the next topic was started, 
all students were again working at the Intermediate level, 


and their achievement of these objectives would indicate 
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theirowroup membership for Phase II. Flexibility of 
grouping was provided for as group membership could be 
changed for each topic: 

Threemtheses were written concerning the Hardisty 
Project.: One thesis, written by M. Westrom, included the 
rationale for the many ideas implemented in the mode of 
instruction and the feasibility of implementing such a 
program. <A thesis written by B. G. te Kampe described 
the role of the teacher using the individualized mode of 
instruction and’ compared iteto:therroletof*the teacher 
using regular classroom instruction. The purpose of the 
present study was to determine the effectiveness of the 
individualized mode of instruction with respect to pupil 
achievement, and to assess the grouping procedures used in 
the mode of instruction developed. 

The investigation into the effects of the mode of 
instruction on pupil achievement required the forming of 
a comparison study when the achievement of pupils receiving 
the individualized (experimental) mode of instruction was 
compared with achievement of pupils receiving regular 
classroom (control) instruction. The experimental group 
consisted of the nine grade seven mathematics classes and 
the five grade seven mathematics teachers at the Hardisty 
Junior High School, Edmonton. The seven grade seven 
mathematics classes and the three grade seven mathematics 


teachers at another junior high school in the city formed 
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93 
the control group. 


II. DISCUSSIONS AND CONCLUSIONS 


Pupil Achievement 
It was determined that both the individualized 


(experimental) mode of instruction and the regular class- 
room (control) instruction produced significant results 
with respect to pupil achievement as measured by the 
mathematics achievement pre- and post-tests and the 
standardized mathematics pre- and post-tests. To further 
inves tagaterthereffectioftithes individualazeds instructaon 
on pupil achievement, the achievement of pupils in the 
experimental group was compared with the pupil achievement 
of the control group. Pupil achievement was measured by 
the mathematics achievement tests and the standardized 
mathematics tests. <A one-way analysis of covariance, using 
I.Q., reading and the corresponding achievement. pre-test 
scores as covariates, indicated that there was no signifi- 
cant difference between the experimental and control groups 
with respect to pupil achievement as measured by the 
standardized mathematics post-test; but that the pupil 
achievement, as measured by the mathematics achievement 
post-test, of the experimental group was significantly 
better than the pupil achievement of the control group. 
Reading was expected to be an important learning 


factor for students in the experimental group due to the 
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large amount of reading expected of those using the self- 
study materials. Pupil achievement of the two groups 

was compared at three reading and three I.Q. levels. 

A two-way analysis of covariance, with the corresponding 
achievement pre-test score used as covariate, showed that 
there was no significant difference between the pupil 
achievement of the experimental and control groups at 

three reading levels nor sat three I1.Q. levels, when pupil 
achievement was measured by the standardized mathematics 
post-test. The experimental group had significantly better 
pupil achievement at all three reading levels and at all 
three I.Q. levels when pupil achievement was measured by 
the Mathematics Achievement test. Contrary to expectations, 
there was no interaction effect between the reading level 
of the student and the mode of instruction used. The 
achievement of students from the experimental group in the 
low reading level, as well as the medium and high reading 
levels, was as good as or better than the achievement of 
students receiving regular classroom instruction, even 
though the self-study materials used by the students in 

the experimental group required them to read more than is 
usually done in a regular mathematics classroom. While no 
data was kept on which students attended the mini-lectures, 
it could be postulated that many of the poor readers did 
attend, and thus the reading factor was minimized. There 


was also no significant interaction between I.Q. levels and. 
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modes of instruction. 

Most studies made on individualized instruction 
have found that there is no difference between achievement 
of students receiving individualized modes of instruction 
and of students receiving other modes of instruction, or 
that the achievement of students receiving individualized 
instruction is higher than the achievement of students 
using other modes of instruction. Before conclusions can 
be made as to the effectiveness of the individualized 
mode of instruction developed by the Hardisty Project with 
respect to pupil achievement, several factors must be 
considered. 

The standardized mathematics tests chosen had 
several items corresponding to objectives studied during 
the experiment. They also included items on objectives 
that were studied previous to the experiment, and they 
were intended to test general mathematical concepts. The 
mathematics achievement tests were constructed to test 
the specific content area covered during the experiment 
and was based on objectives common to both modes of 
instruction. Thus, while the standardized tests had 
higher reliability scores, the mathematics achievement 
test was more relevant to the experiment. 

The experimental group took about a month longer 
to complete the required content area than the control 


group. This can partially be explained by the fact that 
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the individualized mode of instruction was new to both the 
students and the teachers in the experimental group. It 
could be postulated that when both the students and 
teachers gain experience they will progress more rapidly. 
The extra time taken by the experimental group to complete 
the required content could also be explained by the 
composition of the self-study materials. The objectives 
were dealt with in greater detail and more ideas were 
presented than is usual in regular classroom instruction. 

The time shortage faced by the experimental group 
meant that the self-study materials prepared for Topic 4 
were not used by the students. The objectives were 
presented to the students through mini-lectures. Because 
the individualized mode of instruction attempted to cater 
fOmGLnce VincencariincgestVles. se li-study,oreminislecture, 
the use of the mini-lecture style for all of Topic 4 was 
not considered completely detrimental to the results of 
the project. The teachers involved indicated that most 
students appreciated the change in instructional 
procedures. 

The conclusion formed is that although the 
individualized mode of instruction required more time than 
regular classroom instruction, the individualized mode of 
instruction had a positive effect on pupil achievement. 
The achievement of students receiving individualized 


instruction equalled or excelled that of the students 
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receiving regular,classroom.instruction....As the.individu- 
alized mode of instruction allowed students to progress 

at varying rates, faster students had the opportunity to 
achieve enrichment objectives; and as the mode of instruction 
allowed students to work at varying difficulty levels, 
superior students had the opportunity to achieve Advanced 
objectives. The enrichment and Advanced objectives were 
achieved in addition to those objectives that were common 
to both modes of instruction. Apart from other factors 
involved in a mode of instruction such as student and 
teacher attitudes, the conclusions reached indicate that 
the individualized mode of instruction is a favorable 


alternative to regular classroom instruction. 


Grouping Procedures 


Rhase: ll. According tosthe instructional.plan. for 
the individualized mode of instruction, each topic was 
divided into two phases, Phase I and Phase II. Students 
Studied, Intermediate Jevel objectives during Phase 1, and 
depending on their achievement of these objectives, they 
entered one of three groups, Basic, Intermediate and. 
Advanced, for further study on. objectives relating to their 
need and ability. Students who achieved less than fifty 
percent of the Intermediate objectives studied during 
Phase I entered the Basic group. -In.the Basic group, 


students concentrated on the mastery of Basic level 
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objectives, ones that were considered prerequisite for 
further progression throughout the course. Students in 
the Basic group achieved an average of 63 percent of the 
Basic objectives studied for all three topics. An average 
of 37 percent of the students were in the Basic group, and 
spent approximately one week studying these Basic objectives. 
They had already been exposed to the corresponding Inter- 
mediate objectives, which had a greater difficulty level, 
during Phase I. Bloom (1968) claims that the top 95 per- 
cent of all students can achieve mastery of a subject. 

But he admits that varying amounts of time are required 

by different students (a ratio of six to oneis given). 
Although time was shown to be an important factor for the 
mode of instruction developed, it certainly seems worth- 
while to give the students the opportunity to Bonceterdte 
on and achieve a significant number of Basic objectives. 
Very often in regular classroom instruction, the Basic 
student just plugs along trying to keep up with the aver- 
age student and does not succeed. 

Students who achieved between fifty and ninety 
percent of the Intermediate objectives in Phase I, entered 
the Intermediate group where they reviewed unachieved 
Intermediate objectives. A significant difference was 
found between the number of Intermediate objectives 
achieved before aide at tererirase |e ror tie, Lrrs eetirree 


topics covered. An average of 62 percent of the Intermediate 
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objectives for the first three topics were achieved after 
Phase I, with an average of 83 percent of the objectives 
being achieved after Phase II. Again the time spent in 
Phase II reviewing unachieved objectives seems to have 
been worthwhile as a high degree of mastery resulted for 
the Intermediate group. The average group membership was 
47 percent of the students over all three topics. 

Students in the Advanced group of Phase II had 
already achieved over ninety percent of the Intermediate 
objectives studied in Phase I. In the Advanced group they 
reviewed any unachieved objectives they might have, and 
then studied the Advanced objectives prepared for them. 
They achieved 73 percent of the Advanced objectives 
studied during Topic 1, 58 percent of the objectives 
Studzed during Topicr2: cand-<25)ipercent:so fi the objectives 
studied during Topic 3. While an average of 16 percent 
of the students were in the Advanced group for all three 
topics, only 11 percent were in the Advanced group for 
Topic 3. The Advanced students achieved only 25 percent 
efiathersAdwanced objectives for Topic’ 3) “The low member- 
ship number as well as the low percentage of objectives 
achieved can be explained by the fact that students were 
rushed for time and the particular content covered was 
fairly difficult. Not. all students had sufficient. time 
to attempt all of the Advanced objectives, but as the 


record pages did not make provision for indicating which 
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objectives were not attempted, it was assumed that all 
Advanced students had attempted all Advanced objectives. 
Phase II was considered beneficial for the Advanced 
students as they were given the opportunity to study higher 
level objectives which would not normally be presented in 
a regular mathematics classroom, and in general the 
students achieved a significant number of these objectives. 
The conclusion drawn from the above comments is 
that Phase II of the instructional plan, where pupil needs 
and abilities determine the level of instruction given, 
contributed significantly to the achievement of the pupils 
involved. A high degree of mastery was displayed as. 
nearly two-thirds, 63 percent, of the students, Inter- 
mediate and Advanced, achieved an average of 83 percent 
or more of. the’ Intermediate objectives after’ Phase II. 
The Basic students were given the opportunity to 
concentrate on the mastery of Basic objectives, while the 
Advanced students had the chance to study more advanced 
ideas than they normally would in a regular mathematics 


classroom. 


Flexibility of Grouping, The individualized mode: 


of instruction developed allowed students to change their 
group membership for each topic (flexibility of grouping). 
An investigation was made to determine the amount of 


changing of group membership that occurred. A group 
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Stability score, indicating how often group membership 

was changed, was determined for each student receiving 

the individualized mode of instruction. The maximum score 
possible was four, while the minimum score of zero indicated 
that the individual student made no change in group member- 
ship. The average group stability score, found to be 

Signi ficantlyi-differen tisefromczerolg rindicated cthatea 
Significant amount of change in group membership was dis- 
played by the students. Over half of the students changed 
group membership at least once for the three topics. 

Twenty percent of the students changed group membership 
twice for the three successive topics covered. It would 
appear that the students made significant use of the 
opportunity given to change group membership. 

To extend the investigation on flexibility of 
grouping, an attempt was made to predict the average group 
membership of each student from several predictor variables. 
The predictor variables were verbal and non-verbal I1.Q., 
reading, attitude towards mathematics, past achievement 
as measured by the grade seven mid-term examination, 
mathematics achievement pre-test, and standardized mathe- 
matics achievement pre-test scores. It was found that the 
past achievement score was the only significant predictor 
of average group membership. The percent of criterion 
variance accounted for, by the inclusion of further vari- 


ables, over and above that accounted for by the past 
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achievement score was not significant. 

Although the average group membership could be 
predicted from past achievement scores, it is not being 
suggested that students should be pre-grouped at the 
beginning of the term without a chance to change their 
group membership. Indications have already been observed 
that the students did make considerable use of the 
opportunities provided to change their group membership 
for each topic, depending on their needs and abilities 
for that topic. However, while pre-grouping from the 
prediction of average group membership instead of using 
the flexible grouping procedure is not recommended, teachers 
could benefit from the information obtained as a result of 
average group prediction. Teachers would know, with a 
limited degree of accuracy, if particular students should, 
on an average, be in the Basic, Intermediate or Advanced 
group. This may indicate if certain students are not 
working to their full capability. 

The recommendation of allowing for flexibility 
of grouping is also upheld by the following observation. 
The students stated that class members did not care 
what group other students were in, but they were concerned 
about their own group membership. The grouping procedures 
incorporated in the individualized mode of. instruction 
gave the students a chance to change group membership for 


each topic, and provided a motivation for the students to 
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do: as well or better on each successive topic. 
Considering the factors discussed above, the 
obvious conclusion is that the flexible grouping 
procedures incorporated in the individualized mode of 
instruction were used to advantage by the students. The 
conclusion reached concurs with the conclusions made by 
Bierden (1968) and Mortlock (1969) concerning the group- 
ing procedures implemented in their studies. Further 
reference to grouping procedures is made in the compan- 


jon thesis written by M. Westrom. 


Summary of the Conclusions 


(1) Both modes of instruction, the individualized 
mode of instruction and the regular classroom instruction, 
produced significant results with respect to pupil achieve- 
ment. 

(2) The achievement of the students receiving the 
individualized mode of instruction equalled or excelled 
that of students receiving regular classroom instruction. 

(3) The student's reading ability did not signifi- 
cantly affect achievement,.of students receiving the 
individualized mode of instruction, as the achievement of 
students at all reading levels, receiving the individualized 
mode of instruction equalled or excelled the achievement 
of students, at comparable reading levels, receiving 


regular classroom instruction. Similarly the student's 
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I.Q. level did not significantly affect achievement of 
students receiving the individualized mode of instruction 
as the achievement of these students, at all three I.Q. 
levels, atReT i efi or excelled the achievement of students 
receiving regular classroom instruction. 

(4) The individualized mode of instruction 
requirea more time to complete the required content area 
than the regular classroom instruction. 

(S) The high level of mastery of objectives and 
the opportunity for superior students to study higher level 
ideas supported the use of grouping procedures, based on 
achievement of behaviorial objectives, which allowed the 
needs and abilities of the students to determine the level of 
instruction received during Phase II of each topic. 

(6) The. significant number of changes made in the 
group membership of the students indicated that the 
flexibility of grouping provided for by the individualized 
mode of instruction was a worthwhile component of the 


instructional mode. 


III. IMPLICATIONS 


Implications for the Classroom 


The individualized mode of instruction which was 
developed for the Hardisty Project could be implemented as 
it is in any school with two or more classes of the same 


subject being taught at one time, and it could be used with 
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subjects other than grade seven mathematics. However, 
before deciding to use this mode of instruction, the 
teachers must realize that there are both advantages and 
disadvantages to the mode. The individualized mode of 
instruction took longer to cover particular content than 
the timertaken by regular classroom instruction. 
Behaviorial objectives for all content must be written, and 
self-study materials are required. The main advantage, 
as indicated in the study, is the provision for a high level 
Of mastery of objectives at a level-corresponding to the 
needs and abilities of the student for a particular topic. 
The students can progress at their own rate, within 
Himitations, sand learn by arstyle; self-study “or mini- 
lecture, most appropriate for them for a particular topic. 
Modifications could be made to the instructional 
plan which would provide the student with a chance to choose 
from even more learning styles. The use of manipulative 
materials and audiovisual materials could be incorporated 
in the instructional plan in addition to the self-study 
materials and mini-lectures already used. This should 
serve to further improve the effectiveness of the 
instructional mode with respect to pupil achievement. If 
it was not possible to cater to various learning styles, 
the grouping procedures, which were: very effective, could 
still be used in an instructional mode. The use of 


behaviorial objectives, a lecture-discussion presentation 
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of ideas¢rdiagnostic®post=testsyuthe remediabeor enrich 
ment activities of Phase II, and the opportunity to 
receive instruction at a level corresponding to the needs 
and abilities of the students for a particular topic 


should prove to be an effective instructional procedure. 


Implications for Further Research 
Although the evaluation of the Hardisty Project 


encompassed three studies, several studies concerning 
pupil achievement within the cognitive domain, as well as 
other factors involved in the Project could be made. In 
any study investigating pupil achievement, the testing 
instrument is of prime importance. One study which could 
be made could include the several pilot studies necessary 
£01 athe construction of a valid ‘and reliable testing 
instrument. | the testing instrument could: be designed to 
test more than the average level objectives common to both 
the individualized modes of instruction and the regular 
classroom instruction. Advanced objectives studied by 
thesAdvanced group could be, included an the: test. 9 Envich- 
ment objectives could also be tested. The testing instru- 
ment should consist of several subtests so that compari- 
son of pupil achievement could be made on each of the 
various topics covered, and also at the various levels of 
the cognitive domain as classified by Bloom (1956). 


Further testing, as suggested, would provide more information 
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as to where the differences in pupil achievement existed. 

Modifications could be made to the instructional 
modemdeve lopped) Further provision) for learning styles 
could be made. It could be postulated that if the 
student had more learning styles to choose from, to meet 
his own particular needs, his achievement should improve. 
The inclusion of manipulative materials and audio-visual 
materials in the instructional mode would provide for two 
more learning styles. 

An investigation could be made as to which student 
personality types can achieve better when receiving the 
individualized mode of instruction. It could also be 
determined how student attitude relates to achievement and 
to the mode of instruction used. Due to the large number 
Orvdiagnostic tests given, to. students in the individualized 
mode*of instruction, it-might be expected that a change in 
test anxiety would be indicated by the students. Change 
in test anxiety could also be investigated. 

The investigations performed in this study support 
the use of the individualized mode of instruction which 
was developed. Various other ways of providing for 
individual differences may be developed, and an infinite 
number of variables may influence the effectiveness of 


these programs with respect to cognitive achievement. 
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APPENDIX A 


GENERAL OBJECTIVES -- corresponding to the content area 
of rational numbers, rates and percent at the 
Ppradesseven level issued by) thesAlberta, Depart- 
mentsoferdueation. 


(1) Understanding fractions or rational numbers of 
arithmetic. 


(Ai ines posit cioneandmorder of fractional numbers on 
the numberline. 


(3) The ability to perform operations accurately on 
fractional numbers. 


(4) Recognition and identification of number system 
properties in the fractional number system. 


(5) Decimal numeral representation of fractional numbers 
and the expansion of the decimal numeration system. 


(6) Computations using decimal numbers. 


(7) Transformation of fractional numbers into decimal 
form; repeating and non-terminating decimals. 


(8) Simplifications of expressions and the solution of 
problems involving fractions. 


(9) Development of the concepts, common and unique 
proper tGiessorsratrovand rate. 


(iO (ee neemeaning sot percent. 


(11) Transformation of percent into decimal and fractional 
equivalents. 


(12 Solutions of problems using (andvinvolving rates, 
raGlo (andspercent, 





















A x1GuaIgA aye 


S9TS8 set R02 edt ot gnibmoqeet10 9 -~ DaVITDALEO IAS 


git 38 RODT OH te 2oter ,2tedmun [snotist to- . 
-tisqed stradiA oft yd boweet Lovell smoevee sebstg Le 
. .moitsoubd to tnom - 


40 etedmun [snotis1 ro emoitostt gatbastetebau 
-oitomds izes 


sysdnuna [enoktzstt to rebro bas noitizoq. eAT 
| -onilrvedmun eft 

= —s 7 9 

no yietsiTuo os enotisteqo miot1aq ot ytilids oft 
 etodmum isnoitostt 


rodmun to bi g-neenty fore nobi bas noitiagosen A 
jaye xsodmun [enoitost? oad at apitregotg 


ersdmun [saottostt to..M0L3 HI M9esT gst Soria tamised (2) 
meteye moitsiemiun {emtoob edt to noiensqxs eft bas; . eo 


b gaieu enottasuquod (8) 


> 


.etedmin fLamro 
: ii etedmun Langs toe 72 to aoitamrotens1T @) 

. elemtosb gti itsanimts? -foa bas gnistseqet :mrot i & 
rqxo to emottsaitilqmie (a) 

. ao LF 3B1T gaiviovak ecru aati MY ) 


tqeonod oat to ‘saomgoLevad (a) 


supings bas nommoa rq 
BY bas ofteT to wee a 
2 







.Te92T9q to gniagom ofT 7 


Thouapiahiale bas {smioob osai Tasoteg to IGE Pee a, (il 
eae: 


o gooisutoe 
iq o oe 


‘S 





via ban aie aneidorg t 
aay i 


ii? 


, APPENDIX. 3 
CONTENT COVERED 


‘Topics studied by students receiving the individualized 


mode of instruction: vA 
Topic 1 -- Rationel_Numbers and Fractions 
Section ¥ 
i Fractions represented by. diagrams 
2 Diagrams to represent fractions 
5 Equivalent Practions 
4 Equivalent Fractions continued 
~3 Basic Fractions 
6 Whole Numbers Represented by Fractions 
7 Rational Numbers and the Number Line 
8 Pesxipgp fEty EpupyvRlencep of Practions 
9 ° Ordetigg Rational Numbers 
10 Deasity of Rational Numbers 
li Applications 


Topic 2 +- Operations with Retional Numbers 
Section CONTENT COVERED 


i Operations of addition and subtraction with 
. Rational Numbers 
Mixed numerals and fractions 
Addition and subtracting involving rational 
numbers named by mixed’ numbers é 
: A Solving conditions for equality with rational 
numoers 
5 Applications 
6 Rational Numbers and “of” . 
7 OQperetion of multiplication with rational numbers 
Be 8 Reciprocals 
9 
0 
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The operation of division with rational Donny rs ‘v 
Conditions for equality iavolving ; dahain i 
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APPENDIX B 


CONTENT COVERED 


Topics studied by students receiving the individualized 
mode of instruction: 


Topic 1 -- Rational Numbers and Fractions 
Section 
7 Fractions represented by diagrams 
2 Diagrams to represent fractions 
5 Equivalent Fractions 
4 Equivalent Fractions continued 
5 Basic Fractions 
6 Whole Numbers Represented by Fractions 
vf Rational Numbers and the Number Line 
8 hestang for Equivalence of Fractions 
9 Ordering Rational Numbers 
10 Density of Rational Numbers 
iA Applications 
Topic 2 -- Operations with Rational Numbers 
Section 


i Operations of addition and subtraction with 
Rational Numbers 

Z Mixed numerals and fractions 

a) Addition and subtracting involving rational 
numbers named by mixed numbers 

4 Solving conditions for equality with rational 
numbers 

3 Applications 

6 Rational Numbers and "of" 

f Operation of multiplication with rational numbers 

8 Reciprocals 

S The operation of division with rational numbers 

0 Conditions for equality involving products of 
rational numbers 

11 Applications 

LZ Properties of operations with rational numbers 


Topic 5 =- | Decimals 
Section 
ty Decimal Place Value 
2 Converting between fractions and decimals 
3 


Understanding addition and subtraction involving 
decimals 
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Solving conditions involving decimals and 
addition or subtraction 

Applications 

Rounding or approximating numbers named 
by decimals 

Understanding multiplication involving 
decimals 

Understanding division involving decimals 
SOLVING econdLtrons. for equality involving 
multiplication and division of rational 
numbers named by decimals 

Applications 

Changing fractions to decimals 

Changing decimals to basic fractions 
Scientific or standard notation 


Rat2OS a GoDOnULOn and.cercen t 


Ratios 

Proportions 

Solving Proportions 

Situations Involving Proportions 
Applications with Proportions 

Comparisons Using Proportion 

percent 

Percents, fractions and decimals 
Applicationss df PercenticecPart 1 
Applacatmonsigoiehercent>- Part 2 - Discount 
Appi Ga GaGisodesrercentsu-»Part 3 - Interest 
Estimating Percent 
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SAMPLE OF MATERIALS 


Operating Procedures 
Record Page 


Flow Chart 

Phase I 

Phase II - Basic 

Phase II - Intermediate 
Phase II - Advanced 
Challengers 


Post Test I 

Post Test II - Basic 

Post Test II - Intermediate 
Post Test II. - Advanced 
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OPERATING PROCEDURES FOR INDIVIDUALIZATION OF 


GRADE VII MATHEMATICS 


Prepared Dy ir. hago Mortlock 
University of Alberta 


_ 


PHASE I 
Materials: 


(a) Flow Chart 
- With the flow chart each student keeps a record of his progress through 
each topic 
- Flow charts should be kept up to date and available for teacher reference 
- A colored pencil can be used to trace the student's path 


(b) Introduction 
- Each topic has an introduction which briefly give the student some 
ideas about what the topic covers, why it is important, how the ideas 
in the topic are used. 


(c) Objectives 

- These are on pink paper at the beginning of each section 

- Each objective contains a statement of what the student is to be able 
to do, an example of what he is to be able to do, the criterion or 
standard of performance he must reach to achieve the objective, and 
a solution or answer (in a box) for the example 

- There are two types of objectives. Basic (B) objectives (in regular 
type) and Intermediate (1) objectives (in italic type) 

- The objectives are numbered for reference purposes 


(d) Description 

- This is on white paper for each section 

- The description teaches the student what is to be learned for the 
section. It contains the mathematics for the section. 

- The description may be in two types of type--regular and italic. 

The regular type covers the description for the B objectives. The 
italic type covers the description for the I objectives. 

- Numbered questions are asked during the description. Answers to 
questions are given at the bottom of the page on which the questions 
occur. Whenever possible the student is asked to write an answer to 
the question (in his workbook, not in the description). Questions 
are of two types. Some precede the presentation of an idea and are 
designed to get the student to think about the idea before it is pre- 
sented. Others follow the presentation of an idea and are designed 
to give the student immediate practice with the idea. 

- Reference to objectives. It is expected that students will usually 
read and work through the presentation of a section before reading 
the objectives for the section. At the end of the description for 
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each section, students are directed to read the objectives which they 
are expected to achieve for the section (and the examples, criteria, 

and solutions). If for a certain objective, there is only a B objective 
then students are directed to read that objective and to be able to 
achieve it. If for a certain objective there is a B and an I objective, 
then students are directed to read the I objective and to be able to 
achieve it. 

Direction to Check Exercises. The last sentence in the description 
directs the student to the first Check Exercise for the section. 


First Check Exercise 


When the student has completed the description, read the objectives 
and their examples and feek able to do what the objectives require, 
he attempts first Check Exercise for the section. The Check Exercise 
is on the first yellow page for the section. 

The Check Exercise is to be answered in the student's workbook--not 
on the yellow pages. 

On completion of the Check Exercise, the student is directed to check 
his answer (answers are given at the very end of the topic). A state- 
ment tells him what he must have done to be successful on the Check 
Exercise. 

If successful, he goes on to the next section. If not successful he 
is directed to do some activities and exercises. 


Activities and Exercises 


These follow the first Check Exercise on the yellow pages. They are 
designed to give the students who were not successful on the first 
Check Exercise some more instruction in and practice with the ideas 

in the section. 

These exercises and activities are to be worked in the student's work- 
book, not on the yellow pages. 

Answers to all activities and exercises are given at the very end of 
the topic. 

On completing the activities and exercises, the student is directed to 
read the relevant objectives and then to do the second Check Exercise. 


Second Check Exercise 


These exercises are labelled with an (a). 

On completion of the second Check Exercise, the student checks his 
answer with the answer given at the end of the topic. If correct, 
he goes on to the next section. If incorrect, he is referred to a 
reference source (name of book, page and topic are given) or to a 
student helper or to his teacher for assistance since clearly help 
is needed. After help the student goes on to the next section. 


Summary and Vocabulary 


Following the last section of each topic, there is a summary for the 
topic which lists the main ideas developed in each section of the 
topic. 
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- After the summary there is a vocabulary list which defines the new 
words introduced in the topic. This vocabulary list should be 
brought to the student's attention early since at various stages 
they may wish to refer to the list to know what words mean. 


(i) Review Exercises 
- The last item for each Phase I of a topic is a set of review 
exercises which cover all objectives that the student is expected 
to achieve for the topic. 
- These exercises together with the summary serve to bring all the ideas 
of the topic together and to review them before the first Post-test 
for the topic. 


POST-TEST I 


- There are 3 equivalent forms of this test available. These forms 
should be given randomly to the students. All items are keyed to 
their corresponding objectives. 

- Post-Test I tests the students! achievement of the objectives at 
which instruction in Phase I has been aimed, i.e., I objectives or 
B objectives for which there are no I objectives 

- Post-Test I should be graded according to the marking scale which 
indicates the performance required on each item to achieve the ob- 
jective for the item. 

- Post-Test I is scored by the number of objectives achieved. 


RECORD PAGE 


- There are separate record pages for each topic 

- On each record page all the objectives for the topic are listed 

- The boundary scores for the groups are indicated on the page 

- From the student's total of objectives achieved on Post-Test I, 
his group is selected. 

- The dash against each B or I objective means that this objective 
was tested on Post-Test I of 

- If the objective was achieved on Post-Test I a is placed on the 
dash. 

- For students in the B group dashes need to be placed in the B 
column against B objectives for which there are also I objectives. 
If a student achieves an I objective in Phase I for which there is 
also a B objective the dash placed against the B objective is checked 
C/)z If the I objective was not achieved, then the student is ex- 
pected to work on the B objective in Phase II. For students in this 
group, all I objectives are ignored in Phase II. 

- Unchecked dashes in the B column for the B group, in the Box I columns 
for the I group and in the B, I, or A columns for the A group, indicate 
objectives to be worked on in Phase II. 
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PHASE II 


Grouping for Phase II 
-Depending on success on Post-Test I students are grouped in Phase II 


Basic Group: £ 50% of objectives achieved 
Intermediate Group: 50-89% of objectives achieved 
Advanced Group: => 90% of objectives achieved 


- Some latitude may be allowed for students near the boundaries. They may 
be placed in the higher group than their score would indicate (i.e., they 
score just below the boundary) if they have previously been consistently 
in that group. This may depend on the sort of errors they made on Post- 
LéestsL» 

- Students placed in the Basic Group for Phase II only work on unachieved 
B objectives in Phase II. If they achieved an I objective in Phase I 
than the corresponding B ojbective (if there is one) is assumed to have 
been achieved. If an I objective is not achieved on Post-Test I than 
the corresponding B objective (if there is one) is also considered to 
be not achieved. 

- Students placed in the Intermediate Group for Phase II work on any un- 
achieved B or I objectives from Phase I. 

- Students placed in the Advanced Group for Phase II work on A objectives 
together with any unachieved B or I objectives from Phase I. 


B Group 


Materials 


(a) Flow Chart 
- There is a new flow chart at the beginning of the materials for the 
B group. It contains only B objectives. On it students mark their 
progress during Phase II. Achieved objectives are by-passed on the 
chart. 
- By referring to his record page, the student circles on his flow 
chart the objectives he has to work to achieve in Phase II. 


(b) Activities and Exercises 

- Each student in the Basic Group gets a new set of activities and 
exercises for each section of the topic 

- Activities and exercises are only done for objectives unachieved on 
Post-Test I 

- Basic Group students are directed to: 
(1)read each unachieved objective and the appropriate section of the 

description 

(2)do the activities and exercises for any B objective they did not 


achieve on Post-Test I for each section of the topic. Their record 


page and flow chart tells them which objectives were not achieved. 
Answers to the activities and exercises are at the end of the 
Phase II materials. 

(3)re-read the B objective 

(4)do the Check Exercise for any unachieved B objectives for each 
section. Answers to Check Exercises are also given at the end 
of the Phase II materials. 

(5)go on to the next section for which they have an unachieved B 
objective if successful on the Check Exercise. 
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(6)ask their teacher for help if still not successful on the 
Check Exercise. 

(7)do some more exercises after getting help from their teacher. 

(8)go on to the next section after checking their answers to the 
exercises. 


I Group 


Materials 


(a) Flow Chart 
- Students in the I Group use their original flow chart on which they 
trace their progress in Phase II in a different color. Achieved 
objectives are bypassed. 
- By referring to his record page, the student circles on his flow 
chart the objectives he has to work to achieve in Phase II. 


(b) Exercises 

- For the I group there is simply a set of exercises for the objectives 
in each section that are to be achieved. These objectives are the 
same as those to be achieved in Phase I. 

- For any objectives they did not achieve on Post-Test I, students are 
directed to re-read the original description, to re-read the objectives, 
and then to work through the relevant exercises. 

- Answers to the exercises are given at the end of the set of exercises 

- If a student still cannot do the exercises, he is directed to get help 
from his teacher. 


A Group 
Materials 


(a) Flow Chart 
- Students in the A Group get a separate flow chart for the A objectives. 


(b) Objectives and Description 
- These students also get a set of A objectives and the description re- 
lated to them. 
- Where there are check exercises and activities required for the A 
objectives these are incorporated along with the objectives and de- 
scription. 


(c) B and I Level Phase II Materials 


- Students in the A group are expected to use the Phase I material to 
work on any unachieved objectives from Phase I. 


POST-TESTS II 


- When students in the B Group have finished their work for Phase II, they 
are given Post-Test IIB which tests just B objectives. 
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- They only do the items for objectives not achieved on Post-Test I. Their 
record page tells them which items to do. Before doing the test they should 
circle the numbers in front of the items they have to do. 

- When students in the I group have finished their work for Phase II, they 
are given Post-Tests IIB and II-I. On Post-Test IIB, they do just the 
items for B objectives not achieved on Post-Test I. On Post-Test II-I, 
they do just the items for I objectives not achieved on Post-Test I. 
Their record page tells them which items to do. Before doing the last 
they should circle the numbers in front of the items they have to do. 

- When students in the A group have finished their work for Phase II, they 
are given Post-Tests IIB, II-I, and A. On Post-Tests IIB and II-I they 
do as for the I Group above. They do all items on Post-Test A. 

- For all these post-tests, there are two equivalent forms which are given 
to students randomly. 

- Post-Tests ILI are graded according to the marking scale which indicates 
the performance required on each item to achieve the objective for the 
item. 


RECORD PAGE 


- Phase II of the record page is completed from the items achieved on 
Post-Tests II. 


PROBLEM SOLVING 


- On completion of Post-Test II for each topic the student progresses to 
the problem solving activity. This is on white paper. 

- This section includes some discussion of what is involved in problem 
solving and an example of a problem and its solution. 

- The problems are arranged in three sections of increasing difficulty, 
and within each section the problems are in order of difficulty. 

- The problems are non-routine and are not simply word problems. 

- The students are told to try the problems starting from the beginning 
in the first problem solving activity. Later, more able students may 
be directed to start in the second or even third section of the pro- 
blems because the first section or first and second section problems may 
be too easy for them. 

- Answers are given to the problems but answers only, i.e., not solutions. 
Using these answers, the student checks whether he is correct or not 
but if incorrect does not get help on how to solve the problem since no 
solution is given. 

- If a student tries a problem and gets the wrong answer he should attempt 
the problem again. 

- If a student tries a problem in a section and cannot do it after a rea- 
sonable effort, he is directed to try the next problem in the same section. 

- After trying all the problems in a section, the student is directed to 
try over again the ones he could not do at the first try, before going 
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on to the next section's problems. 

- Students are told to not necessarily expect to be successful on all the 
problems nor to expect to try all the problems. 

- Solutions to the problems are available to teachers who should collect, 
mark, and comment on the students efforts on the problems. A section for 
recording results on the problem solving activity is on the record page 
for each topic. On it the problems successfully completed should be 
recorded together with those attempted. 


THE NEXT TOPIC 

- After the problem solving activity, the student goes on to the next 
topic. 

ENRICHMENT 

- Students who complete all aspects of a topic very rapidly are given the 


opportunity to select from various enrichment activities. A date may be 
set for the earliest possible commencement of each new topic. 
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OPERATIONS WITH RATIONAL NUMBERS 


INTRODUCTION 


In almost every walk of life, at work or at home, people daily 
have to add, subtract, multiply or divide rational numbers; i.e. 
they have to use one or more of the four basic operations with 
rational numbers. 

A girl may want to make a recipe for = as many people as the 
directions on the packet indicate or may want to know the cost of 
1? yards of material. A boy may ote to know how much he would earn 
if he increased his paper round by 308 may want to know the combined 
length of a piece 3" long and one 22" long in a model he is 
planning. 

Operations with rational numbers will also be used often in 
the work you will be doing in mathematics from now until you finish 
school. Since you will be using these ideas so much, it is important 
that you be able to use them accurately and quite quickly. 

The operations that you will be studying in this topic are 
those listed above - addition, subtraction, multiplication and 


division. You have already met them before. 


We will also be concerned with mixed numerals (eg. 4s ), with 
solving conditions involving rational numbers (eg. n + = = 2), 
with reciprocals, (eg. = and 2), with properties of rational 


numbers (eg. commutative property) and with applying rational numbers 


to answer questions about everyday situations. 
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OBJECTIVE Bl.1 


To find the sum of two or more rational numbers named by fractions. 


Example 
Find the sums and write each as a basic fraction. 
Ay 
y 5 1 = 
Rea Bre 3 
2 
5 
ae) 
ae 


Criterion: Method correct in each example and no more than one 
error in computation. 


SOLUTION 


i 
3 
2 
5 
2 
3 





OBJECTIVE I1.1 


To find the sum of two or more rational numbers named by fractions. 


Example 

Find the sums and write each as a basic fractton. 

it 

d ul sy) = 

A eo a ae Benee 

7. 

6 

Ni 

ar 





Criterion: Method correct tn each example and no more than one 


error in computatton. 


SOLUTION 
ita Se ey ee 
Bees at go etna arene RT 
a VALS ee Lae 
= 60 i 36 
pt sere 
Z 36 


isa) 
isa) 





130 


1o6é 
OBJECTIVE Bl. 2 


To find the difference of two rational numbers named by fractions. 


Example 
Find the differences and write each as a basic fraction. 
8 
i ts) — 
Ae a ae, B 9 
3 4 Pi, 
ty 


Criterion: Method correct in each example and no more than one 


error in computation. 





SOLUTION 

8 8 

RS 2815 eas: ta 

a ek A 12 eu 9 
1 3 

- 3 gh 9 
fi =F 

9 





OBJECTIVE [1.2 


To find the dtfference of two rational numbers named by fracttons. 


Example 
Find the differences and write each as a basic fractton. 
L7 
7 yi — 
A ee B. ra) 
8 5 oe 
6 





Criterton: Method correct tn each example and no more than one 


error in computation. 
SOLUTION 
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SECTION 1. Operations of addition and subtraction with rational 


numbers 


Suppose we want to add > and 2 We can show this on a numberline 


subdivided into fifths. 


| 
i 2 20 112 15 14 15 7 
5.5 Br 5s. 5° 5 BS 5 Se 
3 4 7 
5 Line 5 
CRbEETicn apeein Wae stan gen ste tae i 
0 5] 1 ys 2 3 
5 5 


oe pifthes ~ 84 fifthe = 7 fifths 


Here is another example, this time with eights. £ + . 
7 3 10 
8 eo 3% “3 


ce ce 


7 eights + 3 eights = 10 eights 


The sum is 2. Since answers are usually given as basic fractions 


we reduce 22 to its basic fraction. 


OS Oe?” eS 
8 8 +2 4 


1. Use the numberlines above (if necessary) to find 


ee ede 
eS ae 2) ria 





Answers: 1. (1) a ty 2 2 (2) 12 3 


40 


TVS ee ©: 
To subtract we do the same sort of thing. For example roar 


J Lane 





7 
4 2 
i ene Rs 
0 ib, 2 3 
O ah 25 3 Soret OUR Oia iy 
Ae A rls BAe eae is el etree) eee 
7 fourths - 5 fourths = 2 fourths 
ley a ee oe 2 2 BL EL 
4 4 4 4:4 2 


2. Write answers to the following in your work book. 
3 1d 5 4 


Q-s-g Qie-ye  Getsee Gio, 


3. Write the answer to fae 


In the examples we have done, the denominators have been the 
same in both fractions. 

What about 2 Ue a 2 

In order to add them the denominators must be the same. 

We can use common denominators and the least common denominator 
(L.C.D.) is usually most convenient. Here, the least common 


denominator is 8, 


ete eS 


1 5 4 9 
3 + 9 becomes 8 + 8 and this sum is Bg ° 


4. Write the answer to . + - 


Here is another example é “ 2 
The L.C.D. is 20 


oie eh ea Ae oo 8 a ae ae 
5 5x4 20 ID A 
8 25 


a0. 
= (and this is a basic fraction) 


Sux eo 25 
Mists 20 





Answers: 23;(1) a= 5 (2),2 = 5 (3) $= 2 or 2) GR) o or 0 








RUM ue ee ye ee 
St ta" F ieeecn pa oe. ateg ce teen 
3x3. Ceres) ae 
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Yet another example: 


Now 











= 9 F : 
G + To Pings the L.C.D.- Lt is 30; 
See ¥ 9x3 Find equivalent fractions with this denominator. 
6ix 5 EO bse 
25 27 
30 + 30 Add the numerators. 
oe 
30 Is the answer a basic fraction? 
S2ite 2 
30 492 If not, reduce it to a basic fraction. 
26 
15 
a subtraction example. The steps are similar. 
9 5 
Find equivalent fractions with this denominator. 
ee ee ee 
ors 3. 6x4 Find the difference of the numerators. 
miacre “20: The answer is a basic fraction. We are 
2 . finished. 
an 
24 


look at this. Suppose in the last example we had used 48 as 


common denominator instead of 24. The steps would be: 








The result here is not a basic fraction. 
ree } 





However, reducing it we get the same as 


above. 


We can use any common denominator when adding or subtracting rational 


numbers. However, the least common denominator usually gives the 


result with the least amount of work. 


2 a y 
ais Find 3 + 5 + i 


To find the sum of three or more rational numbers, you find the 
L.C.D. of all the denominators, find equivalent fractions with 


this denominator and then add the numerators. 


For example: 














Find 

2 = 28 = 8 The L.C.D. of 6, 4, and 9 was 36. 

2 a) DIR Bee. 

4 4x9 36 

a 2: — . Skea ee 

9 9x4 36 

95 

36 


Now read OBJECTIVES I1.1 and I1.2 and their examples. These tell 
you what you are expected to be able to do for this section. 


When ready turn to and do CHECK EXERCISES 1.1 and 1.2. 


2 3 7 2 x 20 3x 12 ¢ 21508 
Anewere?, Go8.V ay tie Th ss, oe ee! See ee eee 
40 36 105 181 
EO, i wEO 0 Reo 60 


tw 
ass 
UI 


tele 
CHECK EXERCISE 1 


I1.1 Add the following and write each sum as a basic fraction. 


Rory ee 9 9 
os “io ts d) ip €) io 
So arg 3 LL 
BD) got Tews i 12 
rT 2 3 
SMe F 5. 19 es pa) 








I1.2 Find the differences and write each as a basic fraction. 


om 
we 

Ol UE wits 
I 

Dle vyfe ale 
(i) 
A 


- Check your answers with those given at the end of the topic. 

- If you are not certain how to add rational numbers, or if you 
had more than one part incorrect in CHECK EXERCISE 1.1; read 
section 1 carefully and do activity exercises 1.1. 

- If you are not certain how to subtract rational numbers, or 
if you had more than one part incorrect in CHECK EXERCISE 1.2; read 
section 1 carefully and do activity exercises 1.2. 


- Otherwise, go on to section 2. 


Activity Exercises 1.1 


1. Using a number line, we can see that SE ae) 
oes 7 7. 7 
7 ia) 
Saeco on APTN Gh ROUEN MADDLODT: 4750 35 
0 3a xn). 1 
t/ 7 
a) Write the fraction that equals s+ , 


b) Add the following. Use a number line if you wish, but try 
to do them without. 
hn 


8 2 3 
gts sl etsy iii) 75 + 


8 


1 3 
1, aN ee TUS 


3 4 + cannot be added as easily because they have different 


denominators. 
al Lx iz 3 2 5 
But "3 = ea 8° Now we have 8 + aan 3° 


136 
aM WLS 


Study the following examples: 


a) 


c) 


d) 



















Onin ek Later Ai tie 
4°35 b) Mri Giioe eas an 27 
Sh ae ge Cees Ve : 1X 13" bee ees oe 
Fe 5 4 ee “Ox 30 Ge oe 
Dis saees SUS (LOT | 
20" 20 12 4 Se ie 
eee! _ 13 eB 4 
nme | roi : Ps 


; | aS Ser att te a 
Note: We must have common denominators in order to add rational | 


numbers. The least common denominator is usually most convenient. 
; - ao 


a 7. 
Add the following. Be sure you have a common denominator. a 
13 405 6. sae 
nD eee iv) > +o ; 
eons LU tele 
ee a3 . ion aa 
bie Oo age 
iii) 5 + 3 ‘ 
Addin ae ae ret Ae But SO an ‘ reduced to athasic a 
210.1 30neoY eon POxun sas aie 
oor 3; ioe ee oe re: 
fraction of 5° 10°10 Fo ee . ee 
Note: We always reduce a fraction to its basic fraction before 
considering the question finished. | 7 at 


m 


| | 4 i oelsosgage 
Add the following. Be sure they are reduced to basic fractions | 


when necessary. ~ oe 

Seat Cpe. oa 

1 5 a 

i) i ae vA . ; 
\ Be 


Adding three or more rational numbers is done just as for R. 
adding two rational numbers. Be sure they ALL are expressed 
with common denominators and the final answers are. BASIC 99» % 


A a: i ; 
FRACTIONS. 1 






= eS ‘ pe ey basic f1 acti 


, ;, 
: i (al fea 
5 : 





We can also use column form when adding 2 or more fractions. 


Sig) it) 

8 24 

5 20 
6 24 L.C.D. is 24 

2 16 

eS ae CTR 

AS 

24 
-» basic fraction 

e) Add the following and express the sums as basic fractions. 

a eee 2 2 
DEetrats iv) 3 v5 
eee Seis 1 ZA | 
Selgoe! 3 th 5 i 
Be oh 8 a 5 
ts Se a i OhS a6 


Activity Exercises 1.2 


We can also use the number line to find the difference between 


two rational numbers. FE ok pad a nde 


a) Subtract the following. Use a number line if necessary, but 


try to do it without. 





5 4 sels 8 eae or BO) 
499 et Gig Gs. 8 
In order to subtract + from = we must express both fractions 
with a common denominator. 
Eres 
10 5 
oeere a ey ea PO a 
10; #10 5 spe 25 10 
Week 
10 


b) Subtract the following. Use the least common denominator. 


2 5 Z 
inj=+-=> ii) 2-2 iii) > - <= 


he 
a | 


4151S 







In the following example we find we get an answer of s. Ae 
7 ste Mi fiat. 


But, we do not leave the answer as oe We reduce it to its 
BASIC FRACTION. — ts ‘ iret 





NOTE: ALWAYS EXPRESS THE ANSWER AS A BASIC FRACTION. 


c) Find the differences and express each as a basic fraction.) 


mae 8 


Tae aie Cait iowa. 
eae tv oave V2, 5 .eyadeun Leno 
cine gia fei age ey a pers 
10 ~ 20 3 7 Pt 
1 - ‘. ry rie - 
118) 99 - 5 idl een aoa 


. eae gc 2 ees sae 
- Check your answers with those given at the end of the topic. 
, ae dase 


- Read objective Il.1 and 12.1, 3 vel: ae an 


» 7 - i + 


- If you feel you are ready, do CHECK EXERCISE 1A. 


CHECK EXERCISE 1A 


é , : a 5 c 6 . x , 7 
it 4 ia i: - 7 neve! be ’ ‘ ; 


("4 
‘ ; 


I1.2 Find the differences and write each as a basic fraction. 


7 ak ty 7 
Mita rk Vig-io 
7 il 5 8 
Peis ae ee gs, 
see 
8 3} 


- Check your answers with those given at the end of the topic. 

- If you are not sure how to add or subtract rational numbers, 
or if you had more than one error in each CHECK EXERCISE, check 
Modern School Mathematics pp. 336-340 or ask a student helper 


or ask your teacher. 


- Otherwise, go on to section 2. 
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OBJECTIVE B2.1 


(1) To write a fraction with numerator greater than denominator 
as a mixed numeral. 


(2) To write a mixed numeral as a fraction. 


een SOLUTION 
35 

(1) Write as a mixed numeral oe 

(2) Write as a fraction 5 





Criterion: Correct mixed numeral and fraction. 


OBJECTIVE 12.2 


a) To use fractions to justify that a gtven fraction has a particular 


mixed numeral. 
b) To use fracttons to justify that a given mixed numeral has a 


particular fractton. 


Example 
a) Use fracttons to justtfy that the mixed numeral for 2 ig ae 


b) Use fractions to justify that the fractton for 5S is a. 


Criterion: Correct justtftcattons. 
SOLUTION 





tt 


Section 2. Mixed numerals and fractions 


1. Write two ways of naming the rational number associated with 


point B on the number line. 


The rational number associated with point A on the number line above 
19 1 


may be named in two ways; “> OF Fy The second of the names is 
the one often used in everyday situations; e.g. 95 inches, 9 years, 


On the number line subdivided into halves, 95 means 9 whole divisions 


plus one of the halves subdivisions. This is the same as 19 sub- 


divisions, each one half. 


a is called a mixed numeral because it contains both a whole number 


numeral and a fraction. 


id 1 US 1 
POMS ry BE Tone? 2. Postion ud 
whole number numeral mixed numeral meaning 


When we get to applications of rational numbers to answer questions 
about everyday situations we will find that mixed numerals are often 
used. We will also need to be able to convert between mixed numerals 


and fractions so let's see how this is done. 


Fractions to mixed numerals 


Of course, it is only when the numerator of the fraction is greater 


than the denominator that this can be done. 


2. Write the mixed numeral for a 





or oe 2: 16 fourths are 4. Thus a ns : 


Answers: Le 9 h ' 


CEG. 


1th Bore 


Consider the fraction 2 . In terms of a number line subdivided 
into fourths, the point corresponding to is 39 fourths subdivisions 


from the point corresponding to QO. 


r 
iy B12) Nem 20g eG 6 
4 4 4 4 4 4 4 4 4 4 4 


— 
4 fourths subdivisions 4 Eaten subdivisions 


L|O SO 


It takes 4 fourths subdivisions to make each whole division. How 
many whole subdivisions are included in 39 fourths subdivisions? 


We find out by dividing 39 by 4. 


4 =e 39 fourths subdivisions is 9 whole divisions 
36 and 3 fourths subdivisions. 
3 i.e. 22 93 


This can also be justified, using fracttons, as follows: 


3936S She 2 8 8 
“Sd * 2 eae 2 ed eae 
‘ 104 : 
Let's try “je and obtain the mixed numeral for it. 
First divide, to find the Justtfication using fractions 
number of wholes. 104 _ 96 8 
ieete ie 
di . — 96 * 16 8 + 8 
16 104 WOR Ne TOR ae I 
. 6 1 
‘ 96 = — t ieee 
‘ a4 1 2 
ec Sane pL er 
Sep ee ae 
8 & J 
But ig can be reduced to the = 65 
basic fraction > 
104 8 ic 
pues ie aw oleae e: 
3. Write +00 as a mixed numeral. 


Mixed numerals to fractions 


This can be done for every mixed numeral. 


pe TR 


Answers: 3: ' °-12 remainder 4 1 
8 J 100 100 = 12k = 125 


4. Write the fraction for we 








0 L 2 3 4 5 6 
0 3 6 9 12 05) 18 
3 & 3 3 s) ia 3 
3 thirds S thirds 
Each whole division has 3 thirds subdivisions. 
5 whole divisions have 5 x 3 = 15 thirds subdivisions. 
5s has 15 thirds subdivisions plus 2 more thirds subdivisions; 
i.e. 17 thirds subdivisions. 
peety 
Thus ary aoe 
This can also be justified using fractions as follows: 
eee eS ee 2 io 2 7 
Srceeh > in Ne ee. 
Let's try at and obtain the fraction for it. 
First multiply to find the number Justtfteation using fracttons 
of twelfths in 4 4 — es. + 
4 is 4 x 12 = 48 twelfths Z 9 
Peemtro 7) tweltths i ONE EE) 
Ly? 
4x 12 7 
Ge eke a Tt xe 2 Le 
12 2 
vey ede 
eh TP 12 
ces 8 
toot 


5. Write the mixed numeral for 9 : 


For a number to be correctly named by a mixed numeral, the fraction 
part must have numerator less than denominator. 


3 is not written correctly. It should be ae 





Answers:4: 4 is 12 thirds. Thus ue is : 


5: 9is 9x 9 = 81 ninths. 98 = x} 


{Zao 


Now read OBJECTIVES B2.1 and I2.2 and their examples. These 
tell you what you are expected to be able to do for this section. 
When ready, turn to and do CHECK EXERCISES 2.1 and 2.2. 


a ee 


CHECK EXERCISE 2 


B2.1 i) Write the following fractions as mixed numerals: 


eVE 13 
Jac a] 
9 16 
be, e) > 
ur 
c) 3 
ii) Write the following mixed numerals as fractions: 
2 4 
a) io, d) ton 
2 3 
b) a e) 3 
8 
c) ly 
12.2 i) Use fractions to justify that the mixed numeral for: 
i Wn 3 
a) Z is 33 
22 1 
b) = is 35 
ii) Use fractions to justify that the fraction for: 
o ee tls 
a) 35 - 5 
eee, 
b) 27 is 7 


- Check your answers with those given at the end of the topic. 


You were successful on CHECK EXERCISE B2.1 if you had at least 


AVorethe-parts ‘correct in both 2 =) \(4)<and-2.1° (ii). 
You were successful on CHECK EXERCISE 12.2 if you had 3 of the 


4 parts correct and all steps were shown. 


- If you are not sure how to do either of the above CHECK EXERCISES 


or if you were unsuccessful on CHECK EXERCISE B2.1 read section 2 


and do activity exercise 2.1. 


If you were unsuccessful on CHECK EXERCISE 12.2 read section 2 


and do activity exercise 2.2. 


- Otherwise, go on to section 3. 
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Activity Exercise 2.1 





S[pe 
|00 
wo 


From the number line, we can see that 2 means 2 whole units on i 


the number line plus one-quarter of the next unit. This could be 


= 








written as a, which means 2 + +. ae is said to be a mixed 


numeral as it contains both a whole number and a fraction. 











0 i a 3 aeaewi sep 
ih 5 7, 10 eee 20 22 
5 5 5 5: 5 gn 85 5s 5 
— 
On the number line above we see that 22 as Peale whole units divide d 
; kag 
into fifths plus 2 of the next unit. ie. 22 = 4e 


se 2 aa 


dhe; pare the above number line, write mixed numerals for: 


a) £ bd) 2) = an ie: 


eae 


Of course we do not want to always draw a number line to 


determine the mixed numeral. We can use the following methox | 


which involves division. ale eg ot 
We can find the mixed numeral for 22 by dividing 22 by 5. 
4 sda ez , - 
Sr 22 54,2 ¥ 
20 5 
Se gH. be 
Four whole units and 2 of the next unit. 
Similarly 26 S= because 
’ P . : 
co, en 
a 7 Pas, 
“ye 
Aa ae 
; ent earl 
' Ne ee 
Pole 4 ne Pat 
+ 4 ; he ae , f 
< ecw 


— 
+ 
“ 


(28 


Using the division method write mixed numerals for: 


Res 31 

Le 24 
b) 3 e) oF 
c) = 


Given the mixed numeral we also want to be able to express 
it as a fraction. 


2> means 2 + > or 2 units plus > of the next unit. 


0 ii Z 3 3 
2 adhe at 
2 2 2 
ee ee ee 
2 units half of the next unit 


0 1 2 
| ee aren OS Re Sane 
(Ga OP SP ae 
4 halves” 1 half This gives 5 halves or 7° 


Study the following example in which we write a fraction 


for the mixed numeral = . 
ae eee & 


De SS ee eee 
ee yy ) 
See See \ ee ee ee Se ae Lee. 
5 Peter 5 fifths S°ritecas 2°-Lifchs 
3 lots of 5 fifths and 2 fifths 


cee C3 °K" 5) Litthsectezerbeths 


rss. 2 
i.e. wet Wd 5 
vie 

















124 ae 
3. Write a fraction for 22 : ; vale ae ne i Ve j 
Again we want to be able to write fractions equivalent to. eS 
mixed numerals without having to draw a number line. Looking — 
at the mixed numeral 32 we see that it is made up ae 3. and = i a 
To find the number of fifths in 3 we multiply 3 by Dae This 
gives us 15 fifths in the 3 plus 2 more fifths in the 2 3 7 8 
Thus we have 15 + 2 fifths, ee ley fifths - or a3 ti a f : 
To do this quivkly we can think 32 = [(5 x 3) + ey fifths 3 
7 AS 5 , 
= [15 + 2] fifths AB 
5 
ae =) ( (3 3xy4) 0 21th cde 
ela ed enirdee 
one 
3 
4, Write fractions for the following mixed numerals: 
Shae ee he. a vs 
2 Lf ; ; < : — 
BY 4 Fost ) *9 pes ie | btn’ grig wok 1 oils, 
4 ae + 
c) 1> ; th 
aii aie ati 
Activity Exercise 2.2. Perm £2 


e can use fractions to given fracti ' has a 
W justify that a given fra ange 13 S49 
particular mixed numeral. : 4 Ger ire. 


For example: Sa i i 





LS Ee ee 


| 
1 


\ 
Sad 
| 


Pie, + a ge 
Baus ty fais ‘ 
ee a 
‘2 ; vars m v 
que bo eyes eee 
Sis ee a ce 


BA AN 
1. Write out and complete the next example. 

23 cy ed ys 
cals 5 t 5 (note: we want to form two 

a 2020 3 fractions such that one may be 

eae Sata : simplified to a whole number 
z mapa and the other has numerator less 
= fF) +L] than denominator). 


2. Justify that each of the following fractions is the given 
mixed numeral; 


a) fis the mixed numeral 6e 


b) + is the mixed numeral | 5> : 


We can also use fractions to justify that a given mixed numeral 


has a particular fraction. 





For example: se = 4 +3 
a 2 all these steps are 
i 1 es. needed for the 
“EEE Saye tificati 
ere 3 jus ication 
a2 2 
Sieg 
ll. 
3 


3. Write out and complete the following example. 


a= [ [+] | 
ea fone (note: we want to write the whole 
a8) ent i 5 number as a fraction with the same 
ip 4 ee 7 denominator as the fraction in the 
= + 2 mixed numeral). 




















4k. Justify that the following-mixedomiseraiethave the givenslwW i 


fractions: , 7 


a) 2> has the fraction + 


b) 62 has the fraction 2 


- Check your answers ‘with those given at the end of the ‘topic. 
- Read objective B2.1 and 12.2. 
- Do CHECK EXERCISE 2A. 


CHECK EXERCISE 2A 


B2.1 i) Write the following fractions as ot numerals. 


34 10 
a) 15 d) > 
17 | hs ce 
b) = e) 5 ve uesl : {ees abe ei 
27 : 
c) 10 


i7) aes the following mixed numerals | as) fractions. 


11 } | 
ee 5l5 Ee ie |, 2 eee 
b) 3 L e) a0 ; f Mey rt { ‘ " { uy ‘ ¢ } 


c) af 


p25 oer) ee fractions to justify that the erred numeral for 


ie 25 is 5 | sr ingle, 5 stil a an 


— 


Bi) phe fractions to justify ‘that the fracti ion for 


53 ae 
oe i ie . ie ae; — Si 
73. ae — “ 
it na se 


You were Pe oe 


4 parts correct in each of 2 


een] 


- If you are not sure how to work with mixed numerals or if you 
were not successful; check reference book - Modern School 
Mathematics pp. 345, 346 or ask a student helper 

or ask your teacher. 


- Otherwise, go on to section 3. 
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State Basi se: 


OBJECTIVE B3.1 


To find the sum of two or more rational numbers named by fractions 


or mixed numerals. 


Example 


Find the sums and write each as a mixed numeral with fraction part 


aSea Dagdesecacelon. 


a Zz CS 

A. 43 B. a5 + 2, +75 
Zz 
af 27 


Criterion: Method correct in each example and no more than one 


error in computation. 


SOLUTION 





lL 

ON rat ae gs 
Ur ere 
apunay ote 








cole 






OBJECTIVE I8.1 


To find the sum of two or more rational numbers named by fractions 
or mixed numerals. 

Eacamp le 

Find the sums and wrtte each as a mixed numeral with fraction 


part as a baste fractton. 


ie vi Bes to Sb genre ae 





Criterton: Method correct tn each example and no more than one 


error in computatton. 





ws 


SOLUTION 


1 
4 
2 
io 
2. 
3 





OBJECTIVE B3.2 


To find the difference of two rational numbers named by fractions 


or mixed numerals. 


Example 
Find the differences and write the fraction parts as basic fractions. 
a Z 1 
a oa : =? 
A 33 5 B 7 
5 
Gi 





Criterion: Method correct in each example and no more than one 
error in computation. 


SOLUTION 





OBJECTIVE [3.2 


To find the dtfference of two rattonal numbers named by fractions 


or mixed numerals. 


Example 
Find the differences and wrtte the fraction parts as baste fracttons: 
ree car Bi Age 

8 o 


WI Ox fo 





Criterion: Method correct in each example and no more than one 


error tn computation. 





SOLUTION 


Section 3. Addition and Subtraction involving rational numbers 
named by mixed numerals 


Example 1 Read through this example and the comments 


35 + 25 Mixed numerals represent the sum of a number 
ete i, 2 + 2) named by a whole number numeral and a number 
4 3 
1 2 named by a fraction. 
7h Barnes 4 a 3] Add the whole numbers and add the numbers named 
AS YES = - 4 by the fractions. The L.C.D. is 12. 
=> 3s Write the result as a mixed numeral. 
11 
i) 
J. 2 
You can probably do an example like 35 + 23 
this without writing down steps 2, 3 or 5 wen) eh “gy 4 my} 
12 ie 
ai 
LEE: 
Example 2 Read through this example and the comments 
32 + 2= Add the whole numbers and add the numbers named 
9 8 by the fractions. The L.C.D. is 12. 
= 54+—+-5 
: a 17 5 5 
bs 5 + “+ i2 is a I7 384 mixed numeral, i.e. 1 + i> 
= Le 2 ie 2 | Add the whole numbers. 
5 


3 2 
Answer: Ls pga ry 


4 
ean 
Po hy Se 
19 
= 545 
Eomce ia; Waste 
ole, 12 
fn 628 


4. Bia 


Example 3 Read through this example and the comment 


2 1 
Ais Peay 
= 4 + = - (1 + +) Subtract the whole numbers and subtract 
Ra TS the numbers named by the fractions. 
= 4 qi dnihny ety 
4 The baGs Die is 6. 
= 3 pokewe. 
6 6 
ui 
= or 7 
1 
= 35 


You can probably do an example like this without writing down 
steps 2, 3 or 5. 


Example 4 Read through this example and the comments 


Sometimes in subtraction it is necessary to "borrow". This happens 
when the number to be subtracted is greater than the number it is 


to be subtracted from. 


ie 17 Subtract the whole numbers. When attempting 
aia Wests. to subtract the numbers named by fractions we 
i a Ke see that oe 46 greater than a. 
= 2+1---=> 
L222 "Borrow 1" from the whole number 
? LON) 28 
SD aoe 1 ae Soe Now we can subtract. 
5 We 12 
= 2+— 
12 
Pee 
= 2a 


2, Subtract; 5> - 4 


Answer; 2 = ~ 42 


8 
9 20 
| Aan adap 
9 20 
peel ee? 
Rese el 
24 24 
as) 


L5i 
9 PRS HN 


(addition may also be done with the numbers arranged vertically). 


Examples 5 and 6 Read through these examples. 











ve _3 ces, 18 
35 cule © uae 12 37 3 4 5] 
1 we a 5 = 20 
23 = 2+ DD LeC. Devise? 12 r aL 
—— ee Hae) 21 
ath a ee PSs ie or 
59 DOLL 
9 + _9 Basic fraction 4A + 54 Due 25 
=e for alo LL 
- 9 12 mbt cetieriere 
11 
S822: 
Wid 
3. Add: oe 
at 
4 
2 
+ 1 5 
Example 7 Read through this example 
1 2h a Se cD 
127 a ak iin ll + ly AG yn 
cS gee hyd ieee ie 2k 
2 eee 
z 8 24 
—- is greater than =~. 
24 17 
eet 






need to “borrow 1" 


from the 12. 


4. Subtract 4— 





Now read Objectives I3.1 and 13.2 and their examples. These tell 
you what you are expected to be able to do for this section. When 


ready, turn to and do CHECK EXERCISES 3.1 and 3.2. 





Answers: 3: re oS: il 5 5 35 
0 7 af 4; oi clteeen ik yitplae wine 5 ee aM 
i 20 35 3 + 30 3 + 30 3+ ait 
FAS bee 11 
5 20 AnH 
30 
ee 
20 
= 3+1 421 
20 
oe aM 


















nos étodeun, sult, Ae Ly SPR, , 
Japds tiguotdy b 
- 7 qu > Bs, 
' ’ 
- sGeu 
12 »siesd 
t 
e 4 
' ~~ 
1 
< 
=~ y a 
/ ~% 
he 
4 § 5” 
| ane sade 
ee a i 
pS aaah 
- & Pitta 
we we, 
- a ; 
Ld — . « 
| - Nise ~~ ¢ d 
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CHECK EXERCISE 3 


I3.1 Find the sums and write each as a mixed numeral with fractional 


part as a basic fraction: 


9 3 3 3 il 
a) *T0 + 25 + 1F d) lz e) oe 
ee ads a" <2, iL 
b) + 35 + 5 12 275 3 
et 2,3 Aw gi de 
c) 4s am 275 + 25 + 5 + 8 


I3.2 Find the differences and write the fractional parts as basic 


fractions: 


jp n 2 
a) 8F - 475 d) 915 e) 455 
1_ 3 ~ 394 ~ 372. 
Be 45 395 37% 
5 1 boxim « 
c) 75 - 37 


- Check your answers with those given at the end of the topic. 
You are successful in each CHECK EXERCISE if you are using 
the correct method and have no more than one part incorrect in 
each question. | 

- If you are not sure how to add mixed numerals or if you were 
unsuccessful with CHECK EXERCISE 3.1, read section 3 and do 
Activity exercises 3.1. 

- If you are not sure how to subtract mixed numerals or if you 
were unsuccessful with CHECK EXERCISE 3.2 read section 3 and 
do Activity exercises 3.2. 


- Otherwise go on to Section 4. 


Activity Exercise 3.1 


To add ie + ae é,we first write each mixed numeral as the sum 
he ae 2+ 3 of a whole number and a number named by a fraction 


2 
eG me ‘ + cs We add the whole numbers and then the numbers 


., 
sees by the fractions. 
Lt ae We write the result 


Addy“ S=orao=, 


baie bau read through the following examples and comments: i: 


a)*2> + 52 az 32 
I a 5: Ne 
= 2 teeg “bh Sak oS ae f 
2 oe toe 2 1 3 +2 in order to add the numbers named 
ke TORE = es = i = by fractions we need to express | | 
them with their L.C.D. of 24. 
47 a 
*= 10+ yA - on i. She 
= pe iS the mixed numeral for OYA is 5 iy a a 
ss 23 . 
= 10+ 1+ oy 
- 1+2 . 
3 expressed as a mixed numeral 
k= llsy ; 


* When doing such an example you would probably 


b) 


Add the following: 


write down the lines marked with an We 


3 2 
7 7 














only need se oO % 


5 i] 
* 
Penta Om 
oe = aL Ah en ) 
= ll+ 6 5} Ri 
Dera 
oo = = i 
Date E a 6 Oa 13, 6 : | 
ke 1 +z z is the mixed numeral 12 P 
S : ae ees 
= oe — ‘ 
i ia besa als Sige 6 
te 127 2 1 \" 
= is the basic fraction = : 
l:- 6 a Se 
k= 12— " r ff 
4 } 
Note: Always express the mixed numeral with a BASIC Fl CT ION. 


70" aan he ame Riese 





Nee ; 
b 154 nag Los + 55 i ae 
) 4 aD I > fs ' 3 
5 ‘ Ty is < 
c) ea he gd one 
dT tar ee eee ee 
GR AS Waa 
cag Wen” 
Eta (ie eae 
i, eae 4 jdete et 5 
‘ce p' ~ hos va 
Os eae 








- = iiiancieiiganidaainen ima ae ieeiemicaioeie POTEET ae - 





BSE 


Activity Exercise 3.2 


| 3 
45 - 25 
me Pe 2 C294 >) subtract whole numbers and numbers 
Sapeee. 8 ora 3 named by fractions. 
r 7 
2 
-2+4 
= 92 
7 express as a mixed numeral 


1. Find the difference: 


is ea 
Bay 5: 


In order to subtract 72 - 55 we need to express the fractions 


with their L.C.D. 


Thus 72 - oe (You can do several steps at once.) 
= J/-5+ e - ‘ fractions expressed with L.C.D. of 8. 
5 
=, 2° + 3 
= 2 expressed as a mixed numeral. 


2. Find the difference: 





Sen ze 
iy 5 l 
215 
Here is another example: 
p) 
-18— 
6 
1 7 2 
273 = 2 Jost G 
5 5 
- 187 Cee G 
We have expressed the fractions in the mixed numerals with common 
denominators. But we find we cannot subtract 2 from 2. It is 
too big. Thus we must "borrow'' one from the whole number. 
2 ee 
Papo as 7A 2601+ G 
2 
= 26+ le 
8 
262 6 


Now we can subtract 2 from g. We have 


Mg t 4 rr Tl poe arg 
fy 
e ~ me Habe Ae : 
‘ Hy Ls 4) 
¥ ah: | A 
“ ~ J 
r f 












' ae hay 
tyos* add Rot bie Bas ae & oobi ase uate: aian vite 


rae 3 

sve ave. beh. Donat, Toers9S ots eeu wor a2. ‘tales OU 
Ya> 

2 TOA ROR. dagen oe deed 092 nq oe path ¥ Syou 


‘ a - a 4 , 
ut Isnotzexs Jon s2aee. (x0 (abe vt wort sage ene 
el it 


dd ie tyneooieley awe 10% y pag Laat van, te 
{aia M4 sof4se ote HoM toeod sone vate 1 AvaTD i ows penowaxe 2 , aH: ¥ 


—— ee ed 


a 
ie ania Tarp DLs9B 2) see, pS) TRE * 


2 ar aly aaa 


‘sade Woy wer ier at 


5 


4 mobjos2 OF 99 oF vals 





Meee 


“ay 

La a 
5 
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“y ime 
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Summary 


Section l 


Addition and subtraction of rational numbers named by fractions 
is usually done by obtaining equivalent fractions with least common 
denominators and then adding or subtracting the numerators. Answers 


are given as basic fractions. 


Section 2 


A mixed numeral contains a whole number numeral and a fraction. 


Each mixed numeral has a Each fraction with numerator 
corresponding fraction A greater than denominator has 
42 = (4 x 8) + 3 eighths a corresponding mixed numeral. 
= 35 eighths aS ao 
_ 35 ey in 8 hs = 48 
8 
Section 3 


In addition (or subtraction) of rational numbers named by 


mixed numerals, the whole numbers are added (or subtracted) and 


the numbers named by the fractions are added (or subtracted). 


Section 4 


A solution for a condition for equality is a number, which 
when put in place of the variable, makes the condition a true 
statement. 

Conditions for equality involving addition (or stbtraction) 
of rational numbers are solved by finding (related conditions 


with the variable alone on one side. 


Section 5 


Addition and subtraction of rational numbers are used to 
answer questions about every day situations. Most examples are 
done by (1) finding the relationship between what is asked and 

what is given. 
(2) obtaining the relationship in mathematical form and 
doing the indicated mathematical work to get a 


mathematical answer. 


(3) Using the mathematical answer to answer the original 


. 
nme mmke a em 


ZR 


Section 6 





nor 


Section 7 


Multiplication of rational numbers is done as follows: 


When mixed numerals or whole numbers are involved, their 
corresponding fractions are used. Answers are given as basic 
fractions. Reduction to basic fractions is done by dividing 


numerator and denominator by their common factors (cancelling). 


Section 8 


The reciprocal of a number is another number whose product 
with the given number is l. 

The reciprocal of a non-zero rational number is obtained by 
interchanging the numerator and denominator of the fraction for the 


rational number. 


Zero has no reciprocal. 


Section 9 


To divide by a non-zero rational number, you multiply by 
its reciprocal. 


It is not possible to divide by 0. 


Section 10 


Conditions for equality involving multiplication of rational 
numbers can often be solved by finding related conditions involving 


‘division of rational numbers with the variable alone on one side. 
Also, in conditions for equality in which the variable is multiplied 


by a number, the variable can be obtained alone on one side by 


multiplying both sides by the reciprocal of the number by which the 
variable is multiplied. 


Sections dL 


To answer questions from everyday situations by mathematics 
we usually find the relationship between what is asked for and 
what is given. The mathematical form of this relationship is 
called the mathematical model for the situation. The mathematical 
model is often a condition for equality. The solution for this 


condition for equality is used to answer the original question. 


Section 12 


The rational numbers are closed for addition and multiplication. 
Addition and multiplication of rational numbers are commutative 
and associative. 

0 and 1 are the identities for addition and multiplication 
respectively of rational numbers. 

Multiplication of rational numbers is distributive over 
addition. Non-zero rational numbers have reciprocals. This is 


a property of rational numbers which whole numbers do not have. 
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Vocabulary 
analyse - with respect to a question about an every day situation 
it means to find the relationship between what is asked 
for and what is given. (page WECeeCecon, tp ca) 
application - use of mathematics to answer a question about an 
everyday situation. (page ) (section 5,p 1) 
associative - the property of an operation which permits a change 
in the grouping of the numbers to not affect the 
result (page y (section. 12,p_1) 
binary - a binary operation is done with just two numbers at a 
time. (page ) (section 12, p 4) 
cancel - to divide numerator and denominator of a fraction by a 
common factor. (page ) (section 7, p 3) 
closed - the property of an operation which states that the 


number resulting from the operation is in the same set 
as the numbers the operation is done with. (page ) 
esecteion, 12, 'p: bk) 
commutative - the property of an operation which permits a change 
in the order of the numbers to not affect the result. 


(page ) (section 12, p 1). 


complex fraction - a fraction like = which represents 
Bs hey i 
SaaS 
condition for equality - a mathematical statement involving a 
variable and the = symbol. (page ) 
(section 4, p 1) 
difference - the result of a subtraction. (page ) (section 1, 
Objectives) 
distributive - a property of multiplication and addition of numbers 
(page ) Msection) 12, 1) 
L.C.D. - least common denominator. (page ) (section 1, p 2) 
mixed numeral - a numeral involving a whole number numeral and 


a fraction. (page ) (section 2, p 1) 


2 
model - the mathematical form for a relationship. (page ) 
(section 11, p 1) 

operation - addition, subtraction, multiplication and division 

are examples of operations. (page ) (€Introduction) 
product - the result of a multiplication. (page ) (section 7, p 1) 
property - a characteristic or quality. (page ) (section 12, p 1) 
quotient - the result of a division. 
reciprocal - a number whose product with a given number is l. 

(page ) (section g, p 1) 
related condition - a condition with the same solution as the 
given condition. (page ) (section 4, p 1) 
replacement set - the set of numbers which a variable can represent; 
same as universe. (page ) (section 4, p 1) 

solution - a number which makes a condition a true statement. 

(page ) (section 4, p 1) 
solve - the process of finding the solution to a condition er 

problem. (page ) (section 4, p 1) 

sum - the result of an addition. (page ). (section 4, p 1) 
universe ~- the set of numbers which a variable can represent; 

same as replacement set. (page ) (section 4, p 1) 
variable - a letter which can represent any of the numbers in 


a given set. (page ) (section 4, p 1) 








Solutions - Topic 2 Phase I 
CHECK EXERCISE 1 
67 95 oe Al 77 
Illa) 35 bag Dis DY a5 & Fo 
Lees OB 5 ai aT 
Abie) a) 5 b) to c) 18 d) Zo e) To 


Activity exercise 1.1 


Go 7 7 Up 4 
1 a) , b)i) 9 Li) i tii) To iv) 5 c)i) 





pra a in 8 fie iit) 





71 187 2 9 47 9 
iv) 63 v) 70 d)i) 3 ii) To Lii) 50 ey Lip tt) 3 
SNARES EE ae ©) 
iii) ZO iv)is v) i 
Activity exercise 1.2 
1 4 2 25 he poe 
a)i) 9 ii) 5 iG ta bp 8 b) iT Li) ah iii) 35 
2) Sab re deena) ele) 
c)i) Te It) F fii) i iv) i2 v) 35 
CHECK EXERCISE 1A 
8 a 7 5 23 
heya) 9 b) Too c) 12 d) 6 e) ah 
; if 3 7 5 3 
I1.2 a) F b) 39 c) a5 d) Ze e) Ip 
CHECK EXERCISE 2 
2 a4 2 6 ii 
Boeie 1) -a) 3 b) 27 c) 35 d) 1s e) 15 
7 19 19 40 43 
ii) ay az bees c) iT d) —9 e) 8 
15 12-43 22 maby 
eee 1). &) wean alto b) 7 zt 
plore 4, a. eae oak 
ea hee beta EES 
Be eS Dig A 
TER TW 
Be 
+ i 
eae = 35 
= 37, 7 


ci hog 


bs ee 


CHECK EXERCISE 4 


1 ae a palens Bee? 
T4.1\a)<p "= 30 b) a= 58 c) n= 3 d) b 127 e) a 135 
Activity Exercise 4.1 
Lia) n= 33 b) b 255 hoa: bane Ste b) b= 16 
CHECK EXERCISE 4A 
igee ey i piel ye: nee 
La. baa = 13 b) b 43 Cary. 655 djia 1579 e) n= S36 
CHECK EXERCISE 5 
7 11 1 
15>: bebe 2 miles Zs 359 miles 3% lia feet 4. 33 hours 
Activity Exercise 5 
103 us 1 85 
10 2 wile 7g inches 55 be inches 4. A538 inches 
CHECK EXERCISE 5A 
i Hh it LS 13 
Na ad an ss 1355 hours 2% 127 inches bie T6 inches 4. up ah points 


CHECK EXERCISE 6 


T6. ba ee) y YW 
y VW 


2 of region 


LA 


5) 
sec 
Sei 


58 
> 








Review Exercises Topic II 
Operations with rational numbers 


You have completed the study of Topic II. It would be nice 
to know just how much you have learned in this topic. To do this 
you take a test, but before you take the test you should carefully 
review what you were expected to learn. To help you with this 
review we have prepared a set of exercises. If you have difficulty 
with any one of the exercises you should go back and review the 
appropriate objective (pink pages) and its development (white pages). 
The appropriate objective(s) for each exercise is (are) shown in 


the left margin next to the exercise. 


Il.1 Find the sums and write each ed) 
as a basic fraction: 10 

if rey: i 

Ae oe B. 5 

ie 

12 

rE 

To 


I1.2 Find the differences for the following and write each as a 
basic fraction: 


tt) 
A. ery =P Sg B. La 
ee 
10 


I2.1 A. Write a mixed numeral for each of the following fractions 


83 Zou 
i) A ii) 8 
B. Write the following mixed numerals as fractions: 
3 3 
i) oe Si) 153 
I2.2 A. Justify that the mixed numeral for “3 is as : 
4 og 
B. Justify that the fraction for 7~ is =. 


= 5 


a Os bam 


Find the following sums and write the fractional part as a 





basic fraction: 3 
7. 3 eee 328 
A. 324 2 + l= + 6 B. 
8 4 2 4 1 
16— 
3 
5 
+ 155 
I3.2 Find the following differences and write the fractional part 
as a basic fraction: 
4 Sees 
5 
gest, 
I4.1 Solve each condition and write the fractions in the solutions 
as basic fractions; 
3 3 peel pel 
A. 35 n+ ls Be. on 10 13 
I5.1 John went on a hike. He covered a total distance of 22 
miles. Yet when he came home he declared that he had walked 
only 1= miles. When questioned about this statement he said 
that he had run #2 mile. Was John correct when he said that 
he had walked 1¢ miles? 
S haar aE 
I6.1 Show by diagrams how you can obtain Z of 5° 
I7.1 Find the basic fraction for each product: 
49 Zi Ee 14 3 
A. 66 * 35 * 63 ebb bes 75 x 6- 
I8.1 i) Give an example that illustrates the property which a 
number and its reciprocal have. 
ii) What is the reciprocal of 1? 
iii) Write a whole number other than one and give its reciprocal. 


iv) 


Give the rational number that has no reciprocal and explain 


why it has no reciprocal. 


I9.1 Find the quotients of the following pairs of rational numbers: 


A. 


Der, 
1 + 37 B. 


19.2 Explain in terms of reciprocals why a: 0 is not possible. 


D0 .1 


ed ok 


i Ol bean 


eb. 2 


Theos 


Solve each of the following conditions: 


1 re 5 oa aan 
AR 67 a = 73 B. 17 = 25% n 


A. A dealer bought a motor bike for $1200. He added + 
of this cost to determine his selling price. What was 
his selling price? 

B. Two sides of a triangular flower bed are 15 yards and 
2> yards long. The perimeter of the flower bed is 8 
yards. What is the length of the third side? 

C. An inch is about 2> centimeters. How many inches are 


there in 267 centimeters? 


Give a numerical example which illustrates what is meant by 
each of the following statements. (one example for each) 
(a) the set of rational numbers is closed under addition. 
(b) addition of rational numbers is commutative. 

(c) addition of rational numbers is associative. 

(d) the set of rational numbers has an identity element 


for addition. 


Show what is meant by each of the following statements by 
giving a numerical example for each. 
(a) the set of rational numbers is closed under multiplication. 
(b) multiplication of rational numbers is commutative. 
(c) multiplication of rational numbers is associative. 
(d) the set of rational numbers has an identity element 
for mltiplication. 
(e) rational numbers have the property that multiplication 
is distributive over addition. 


(£) every non-zero rational number has a reciprocal. 


(a) State a property of multiplication of rational numbers 
which the whole numbers do not have for multiplication. 
(b) Give an example to illustrate this property of the rational 


numbers and one to show that the whole numbers do not have it. 
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Answers to Review Exercises Topic Il 











83 109 
Lek AS 45 B. $0 
3 7 
2 ELA ted A 50 B. = 
aoe 1 3h 123 
Bsc are 1) 135 oe) 325 Bed) 53 ii) 8 
B30060 3 Lig ara 
Beet a A 3 pea + 3 B. s 7 + 5 
fe alindnca Hyg LMR ak 
Ted Boon Cues eas 
ENE) a Wp digs 4 
ae asic 
3 35 4 
= + — py aes ae 
Se itg Gee 
Ses) 39) 
pace 5 
3 13 
ea 0 AY 142 B 6457, 
53 23 
Sh Zee 4ee B 336 
pes a eee 
14.1 A. n= 255 B. n YO 
15.7 Yes 
a ein See Ys, 
(J 
Ser | AAA 
XK 
pena WLAG 
KOK SD 
es el eeates pp 
IM MLV) a 
18 3 
Aa A. > B. 5 OF 35 
18.1 i) 3 x += 1 any fraction can be used to illustrate this property 
se ee 


iii) can be any whole number, i.e. 17,2 . 


iv) O has no reciprocal; 0 = ? and there is no number by 


which ? can be multiplied to give 1, for ? times any 


number is 0. 


OR. The reciprocal of — oi ss » but * has no meaning 


since we cannot divide aie 0. 


Toe VA er oes B. 


Co[tn 


19.2 a: 0 can be solved by converting to the corresponding 


multiplication and get x =, but = does not exist and 
hence we cannot get the multiplication example. Therefore 


the division is not possible. 


110.1 A. a - B. n -2 
Il1.1 A. selling price is $1400 ; B. 324 yards; C; 10> inches 
I12.1 Examples which show the same ideas as: 
a) 3+ 2.2 and =2 is a rational number. 
mdegeted 
Be eee 
4)2+0-2 
I12.2 Examples which show the same ideas as: 
a) 3x 2 = > and 3 is a rational number. 
winded 
0 @xdxb + 2x del 
4)2x1-2 
oixGebeGebe ged 
f) reciprocal of is 2. 


112.3 a) A statement which gives the same idea as: Every non- 
zero rational number has a reciprocal. 
b) Examples which show the same idea as: 
3 


5 eH Oe) 
5 and 3 are reciprocals for 5x3 1. 


3 has no reciprocal for there exists no whole number 


by which you can multiply 3 and get one as an answer. 





TOPIC II (OPERATIONS WITH RATIONAL NUMBERS) 
PHASE II 


BASIC LEVEL 


Students who achieved less than half of the objectives in 
Phase I are given this material. It is prepared to let you work 
at the level of difficulty which suits you. Using it will help 
you prepare for the next test. 

On the next test, you will be expected to answer only those 
questions which relate to BASIC objectives that you did not achieve 
on the test you have just written. If you achieved an INTERMEDIATE 
objective, you will not have to work on the basic objective with the 
same number, (For example, if you got the question relating to 
objective 13.2 correct on the first test, then you have already 
achieved objective B3.2). 

Use your record page to tell you which objectives you have 
not yet achieved. Use your new flow chart to guide you through 


Phase II and to keep a record of what you have done. Use the 


objectives in phase I materials to help you know what you have 


to learn. ‘Use the following activities and exercises to practice 
your skills for the objectives you have not achieved. 


BASIC LEVEL 


OBJECTIVE Bl 


For each of the objectives in section 1 that you did not 


achieve do the following: 


- Read the objective and the corresponding description. 


- Do the appropriate exercises and CHECK EXERCISES on these pages. 


Bl.1 Addition of rational numbers named by fractions. 


Bl.2 


To do the addition at the left: 


24 s+t (1) Find the least (smallest) number which 3, 
2 and 9 divide into; i.e. the least common 
multiple of 3, 2 and 9. It is 18. This 
is the least common denominator. (L.C.D.) 


(2) For each fraction, find an equivalent fraction 
with the common denominator of 18. 











30 | BN ee) 22K 6. 30 Le ae 
18 18 18 3 3 x 6 U8 2 2x 9 ‘Rca Oe 18 
47 (3) Add the numerators. 

18 


Find the following sums, and write each as a basic fraction: 


a 2 + 2 (remember to find the least common denominator 
for each fraction and to form equivalent fractions 
with this L.C.D.) 
2 + a4 2 (You must find the L.C.D. for all three fractions). 
3 1 5 See 2) 4. 
3% Borage 6. pe) toma Vie 8 
2 iL 5 1 3 
fics: aes lenraiinng er tat 7 
3 as 5 Se, al 
ies FONE rns hea 


Subtraction of rational numbers named by fractions. 


To do the subtraction at the left: 
(1) Find the least (smallest) number which 6 and 10 


> & divide into; i.e. the least common multiple of 
‘oak O: 6 and 10. It is 30. This is the least common 
denominator. 
(2) For each fraction, find an equivalent fraction 
with the common denominator of 30. 
2.3 BES Lt S kos Uae MiG tee tay a) 


6. 65x 5. #30". Wher LO x. 3) 9 0. 





“ABR 


16 (3) Subtract the numerators. 
~ 30 
8 
= is (4) Give the answer as a basic fraction. 


Find the differences, and write each as a basic fraction: 


l 3 _1 (remember to find the least common denominator 
“a4 3 for each fraction and to form equivalent fractions 
each with this denominator. ) 
D 4 3 (Again the L.C.D. must be found before subtracting). 
52350734 
2 2 
So 5 a1 
Some 2 6. g =| | Us = 
Sj ge 
4. ee en free 1 3 
rs) ay ar ee IA 
= aes + — 
a 9: 6 


- Check your answers with those given at the end of the topic. 
- Do the required parts in CHECK EXERCISE Bl. 


CHECK EXERCISE Bl 


Bl.1 Find the sums and write each as a basic fraction: 


3 7 il il 3 
eas 9 d) 5 ee 7 
5 3 4 3 1 
Dims +7 (her 3 T2 
3 3 2 3 iba 
tr aaa La deme’ 








Bl.2 Find the differences and write each as a basic fraction: 


c) 


yale 7 5 
Le ee e) 9 
Bans 3 3 
oocytes rir 75 
2 
ANTE) 


- Check your answers with those given at the end of the topic. 
You were successful on CHECK EXERCISE 
Bl.1 if you had at least 4 of the 5 parts correct. 
Bl.2 if you had at least 4 of the 5 parts correct. 
- If you are not certain how to add or subtract rational numbers, 
or if you were unsuccessful on a CHECK EXERCISE, consult your teacher. 


Then do the appropriate exercises that follow. 


= Otherwise, go on to your next unachieved objective. 


L179 
2 BS 


EXERCISES Bl 


Bl.1 Find the sums and write each as a basic fraction: 


ae &. 1 5 
alateri d) ¥ e) ry 
Say t shad 3 5 
Bee a oa 5 Fi 
Ea ieee 3 2 
Baise hg Mig Bots 





Bl.2 Find the differences and write each as a basic fraction: 


c) 


4 2 3 5 
SG IE tet yr de 

es af Z 3 
oe? 3k au 

oe 

5 4 


- Check your answers with those given at the end of the topic. 


- Go on to your next unachieved objective. 





ZBY 


OBJECTIVE B2 


- Read objective B2.1 and its description in section 2. 


- Do the following exercises. 


1. Write the following fractions as mixed numerals: 


Le Ie hee ee i. 
B = (remember: “iq + 3 3 + 3 
or 3) 10 i.e. 35 
b) = (r henbee me PHD eld 95 be 
a 6) 3 3] ene —_—_— 
3° rem. 2 D ) 
Orig 3 yan i.e. 33 
aoe 15 
c) 8 ave 
a2 33 
d) + 8) Io 
e) 2 


2. Write the following mixed numerals as fractions: 


H pe Oo, “1 


1 
a) 35 (remember: 35 3 +4 15 at a 
prea =eeihaiees t lohalf = —- 
4 4 4 _ 10 
b) a (remember: ar 2+ ge 
4 4 14 
or 2 = 24+ = 10 fifths + 4 fifths = 14 fifths = — 
2 3 
c) 15 f) 35 
2 3 
ke) g) 1g 
e) 5 


- Check your answers with those given at the end of the topic. 
- Do CHECK EXERCISE B2. 


CHECK EXERCISE B2 
B2.1 i) Write the following mixed numerals as fractions: 
2 4 
a) 35 2 d) 4s 


5 
b) 1g e) a 


B2.1 ii) Write the following fractions as mixed numerals: 


a 13 
aie ye 

15 Li 
b) 8 e) ar 
c) 2 


- Check your answers with those given at the end of the topic. 

- If you are unsure how to do the above exercises or if you had 
more than one part incorrect in either question (i) or question 
(ii); consult your teacher. Then do the following exercises. 


- Otherwise, go on to your next unachieved objective. 


EXERCISES B2 


B2.1 i) Write the following mixed numerals as fractions: 


a) 35 a) 47 
b) 5 e) 12 
c) a 
ii) Write the following fractions as mixed numerals: 
a) 2 d) 3 
b) = e) +3 
c) = 


- Check your answers with those given at the end of the topic. 


- Go on to your next unachieved objective. 


— —— ae 


“BE 
OBJECTIVE B3 


For each of the objectives in section 3 that you did not achieve, 
do the following: 

- Read the objective and corresponding description. 

- Do the appropriate exercises and CHECK EXERCISES. 


B3.1 Find the sums and write each as a mixed numeral with fractional 


part as a basic fraction: 





a) 1; (Remember : 1; = 7 +z 
vee +i 2 +5 

co 

b) 72 + ae (Remember : 72 + ae = 7+ 2 + 4 a 
-u+? 
ell+ 
liad ) 

c) OG + Se + 9 f) oo og) 4 

d) sz + 13 + a4 9 2 14 4 

e) 75 + Se + ae +17 2 aS 3 3 








B3.2 Find the differences and write each as a mixed numeral with 


fractional part as a basic fraction. 


a) 52 = BY rng 
2 
5 


Wt 
No 
+ 
a 

| 

1 


>) ry 


3 4 1 5 
63 d) 14- e) 19 - 127 
5 1 Hy 

d Bis f) xaatg 





- Check your answers with those given at the end of the topic. 
- Do the required parts in CHECK EXERCISE B3. 


CHECK EXERCISE B3 


B3.1 Find the sums and write each as a mixed numeral with 


B3. 


fractional part as a basic fraction; 





EER RIS 1 1 
a) 6& + 42 + 52 4) 175 e) 34 
3 We, 52. ot 
b) 102 +i g—bareg2. 6 16 
Die io mee : ° 
+ 4b ys 
4 8.3 3 2 2 
c) E+ 8+ 23 omy 


Find the differences and write each as a mixed numeral 


with fractional part as a basic fraction: 


ut 3 M 3 
a) 55 o 33 d) o> e) 35 
5 9 
3 e% -7> -1-— 
b) 7 - 26 8 10 
3 7 
c) Lies or 


- Check your answers with those given at the end of the topic. 


You were successful on CHECK EXERCISE 
B3.1 if you had at least 4 of the parts correct, 
B3.2 if you had at least 4 of the parts correct. 


- If you are unsure how to add or subtract with mixed numerals, 


or if you were unsuccessful on either CHECK EXERCISE; consult 


your teacher. Then do the appropriate exercise that follows. 


- Otherwise, go on to your next unachieved objective. 


— 


Z£BE 


EXERCISES B3 


B3.1 Find the sums and write each as a mixed numeral with fractional 


part as a basic fraction. 


1 1 2 a) 2 

a) 335 a 6 a 5 d) 119 e) pe 9 
a 3 5 1 5 

b) 8 + 7G a 123 85 675 
2 34 9° 2 i 

c) 3 + 11; bs 85 + rs +4 i 





B3.2 Find the differences and write each as a mixed numeral 


with fractional part as a basic fraction. 





2 3 1 1 
a) 65 - 25 d) oy e) iF 
uy 2 2 5 
b) 8F - 35 - 35 - 2 
3 5 
Bee Sanyal? 


- Check your answers with those given at the end of the topic. 


- Go on to your next unachieved objective. 


~~ 


“BI 


OBJECTIVE B4 


- Read objective B4.1 and the corresponding description. 


~ Do the following exercises. 


B4.1 


Solution of conditions for equality in which the universe 


or replacement set for the variable is the set of rational 


numbers. 
4 Daren 
35 +n= +3 
if 4 
n Sizaakes 
Ao UML 
Va Toe F 
Secu 
=] + is 
8 
oi 
4 
Check: 35 + 1-— 
12 
pad Shar 
< tpae20 
= 4+ 15 
ie 5 
7G 
1 
“1 
Solution: i 
u n: is 


To solve the condition at the left: 


(1) form the corresponding condition involving 
subtraction. 


(2) do the subtraction. 


(3) check the solution by replacing n. 


(4) Give the solution. 


Solve the following conditions of equality and write fractions 


in solutions as basic fractions. The universe or replacement 


set for each variable is the set of rational numbers. 


4 3 
a) Ue +n o, 
ie een 
n= oF 5 
15 
= 1+ 35 
Baked ee LO 
20 20 
a “| 
Check: 


Solution: 


form the corresponding condition 


involving subtraction. 





Answers 


OBJECTIVE Bl 


19 35 
Bock ol. I2 2 is 

31 

The 16 

5 1 
Bone aks 12 Le 20 
CHECK EXERCISE Bl 

L7 81 
Bl.1 a) 8 b) 20 

Ub 7 
Bie 22 8) i2 b) 8 
EXERCISES B.1 

23 ay 
Bid a!) 12 b) 34 


Bie? a) 2 b) 2 


OBJECTIVE B2 


2827 


3 my 8 36 5 Ge 8 2G» 20° 205 20 
3. 52 4. oe 5. oe 6. 2,35: 5 7.2 
c) 2 d) ot e) = 
og OP oF 
c) # a) 3 e) 7 


1 a 3 1 1 3 a 
Book <t.. a) 35 b) 33 c) 13 d) 35 e) 25 £) 35 g) 339 


7 ae 5 20 15 24 11 
2. a) > »b) 5 c) Ed) e) oe ok ey eye 
CHECK EXERCISE B2 
17 13 5 24 13 
B2215-4)ra) a pe Bogspete? 5 d) a ) Z 
3 7 1 1 
TA yea Wa daiib) lle c) (67 eu dyad cy 6) a= 
EXERCISES B2 
7 53 13 sy 11 
Beame eae. a)D) > C) Tah dese ars 
ft 5 2 4 
ii) a) 35 b) le c) 23 d) 2 e) 2 
OBJECTIVE B3 
Nate <3 1 11 oe di 3 
B3.1 a) 9% b) 125 c) 2055s di2o5 ieee) bee Se siaa ce) nee 
Soe aT a Cee) 5 aed af. es 
CHECK EXERCISE B3 
1 2 17 2 11 
B3.1 a) 177 b) ize c) 20 d) 275 e) 657 


7 


1 
B3.2 a) 23 b) 275 


7 7 
c) 104 d) ly e) 1p 


EXERCISES B3 


Li Z 35 13 8 
B3.1 a) 1si5 b) 285 c) 27736 d) 2773 e) 329 

7 7 23 1 P) 
mame Tia TY tory OC Gana Ei) oe 


OBJECTIVE B4 


16S Lo VME eh mae a alin Pt: 3 

Bac bea) 30? 35 ary 20 b) 2, + OF rab ene 7a c) n= 25 
ay bers Sa ae 
d) n= 245 e) n 335 f) n 145 


CHECK EXERCISE B4 








= 1¢tt =i = 7 wy 92 = ck 
B4.1 a) n= 1655 b) n 15 c) n 13 d) n= 2T5 e) n= x5 
EXERCISES B4 
= 76 = 292 = i3 aa ages 
B4.1 a) n= 5 b) n 297 c) n 270 d) n 13 e) n= 14- 
OBJECTIVE B5 
GR geS eid "eerciae 5.013 aI OOS ae 
B5.1 a) n= 33% + sig + ie’ le + 7 + 16 16? 63 Sawa inches 
cate o we 5 3 a 
b) 497—A1bs. c) 470 gal. d) 6g hr. e) 3 inch  f£) 23 OZ. 
CHECK EXERCISE B5 
BSV1 a). 142 ib.) 2B) 62 yds 6) 102 an ad cee ee 
8 8 8 4 Z 
EXERCISES B5 
5 1 3 11 ik 
Bort sa) g mi. b) 33 lb. c) g ib. d) 155 1b. e) 359 
OBJECTIVE B7 
1 2x 9. To x3. a esc 6 © ll 
CRS CUM Sova hG CERmGT ee ec ea pre id eoplass. hee a 
e)6 £)33 g) 19 h)= i) 9% 4) 21 


CHECK EXERCISE B7 


B7 led) < by 


5 c) 3. d) 45 e) 36 


TOPIC II (OPERATIONS WITH RATIONAL NUMBERS) 
PHASE II 


INTERMEDIATE LEVEL 


Students who achieved between half and nine tenths (902) 
of the objectives in Phase I are given these materials. 

Your job now is to master all of the objectives that you 
have missed. 

On the next test, you will be expected to answer only those 
questions which are related to objectives that you did not achieve 
on the first test. 

Use your record page to tell you which objectives you need 

to work on. 

Use your flow chart to guide you through Phase II and to show 

what you have done in Phase I. You may want to do some of 

the parts you left out during Phase lI. 

Use your phase I materials to relearn the ideas for objectives 

you have not achieved and to give you examples of the type 

of questions you need to be able to answer. 

Use these exercises to practice your skills so that you will 


be able to achieve all of the objectives. 


ALT 


INTERMEDIATE LEVEL 


For each of the objectives you did not achieve on Post Test I, 
do the appropriate exercises and check your answers with those 
given at the end of the topic. Review the appropriate material 


in Phase I before starting each exercise. 


OBJECTIVE I1.1 


Find the following sums and write each as a basic fraction: 


5) anes 4 4 
Ae Tyee, RR Cy Ue os 
yee ‘6 E 
Dr igo 12 20 
ceo! Gout 2 5 
cy ota cang us age, 


OBJECTIVE I1.2 


Find the differences and write each as a basic fraction: 


Sees 14 17 
nS qd). 35 2)) an 

pe al 4 3 
Day he h'S ~ 16 
rey eae 

T6020 


OBJECTIVE B2.1 


i) Write the following mixed numerals as fractions: 


1 1 
a) 35 d) a7 

3 5 
b) To e) he 
c) 14 


ii) Write the following fractions as mixed numerals: 


25 19 
a) aR, d) 5 
ital 34 
b) 76 e) 5 
28 


c) 3 


190 


pose 0: 

OBJECTIVE I5.1 

Solve the following applied problems: 

a) Carol worked as a babysitter one summer. During one week she 
worked 35 hours on Monday, 4= hours on Tuesday, 2 hours on 
Wednesday, 5= hours on Saturday and 375 hours on Sunday. How 
many hours did Carol work during the week? 

b) Four sections of a highway totaling 15= miles are to be built. 
Three of the sections measure 3h, 52 and Sz miles. What is the 
length of the fourth section? 

c) John, who weighed 1352 pounds, went on a diet. After the first 
week he lost oe aond a However, during the second week he gained 


d) 


e) 


| 


12 pounds. How much did he weigh at the end of the second week? 


A group of scouts joined short lengths of rope together in order 


to descend a steep bank. The lengths measured 35 ft., fe. 


18 inches, and 42 ft. How many feet long was the joined rope? 


(Allow 1 foot for the knots.) 


George and Bill leave their respective homes, 32 miles apart, 


planning to meet half-way. George walked > of aG@ile then 
stopped to chat with a friend. He was still talking when Bill 
stopped for a bottle of pop foaeridies from his home. How far 


8 
apart were the boys when they both stopped? 


OBJECTIVE 16.1 


a) 


b) 


Show by diagrams how one can be obtained. 


3) 


W[r {oOo 


Show by diagrams how Sls can be obtained. 


5 


OBJECTIVE I7.1 


Find the following products; 


a) 
b) 


c) 


8 7 4 be) 
9 of 3 d) Sen 227 x 23 

7 4 Leek ee 
g of 1 e) 27 x 35 x a7 * 3 
14 AF 5s: 

To ype 


191 


PLS 
OBJECTIVE 12.2 
i) a) Use fractions to 


b) Use fractions to 


ii) ad), Use: tractions (to 


b) Use fractions to 


OBJECTIVE 13.1 


Find the following sums 
fractional part a basic 


2 3 4 
a) * + 137 + S 
7 3 Z 


b) 1275 + 197 + wy 


5 P) 5 


c) 47a t 179 + 1075 


OBJECTIVE 13.2 


justify that the mixed numeral for 


justify that the mixed numeral for 


justify that the fraction for 


justify that the fraction for 


and write each as a mixed numeral with 


fraction: 
7 7 
d) oT9 e) 115 
4 5 
1275 S 
5 3 
+2 G + 47 








Find the differences and write the fraction parts of the mixed 


numerals as basic fracti 
i 8 5 
2) 5255 aging q) 9S5q 
7 5 7 
b) 115 36 i6 
Car] ae 


OBJECTIVE 14.1 


Solve the following cond 


eho = 


ons: 


aR 
e) 1275 
TL 


12 


itions of equality. The universe o 


r 


replacement set for each variable is the set of rational numbers. 


Lede 3 
a) 35 = nt 27 
b) Le + pia 

5 5 
c)m- 476 179 


7 8 
d) 1255 a= %9 


e) oF = 


a ae 





ALT 
Answers 


OBJECTIVE I1.1 
143 67 
a) 0 b) a2 c) —==- d) => ee) 


[un 


OBJECTIVE I1.2 
13 17 
OOS SU Temata 


OBJECTIVE B2.1 
ie) ‘ Dita tc) 
ay) 35 Palo 


OBJECTIVE 12.2 


i) a) eo 


U1 F]0 | 
of- 


a 
Wir N|uH 


- 


b) 


Wo 


+ 


a)i a) 


I 
ui 
+ 


b) 


fi 
ro 
+ 
“NIJto I] 
Is ~| 
NINN 
- 
No NI] &/F N[u 


OBJECTIVE 13.1 
41 


di 
a) 31—— sib») 4055 c) 32774 d) 21 


gush 
e) li 


ui] > 


OBJECTIVE 13.2 
a) 7 3 37 25 
a) 136 b) 78 c) 25 d) 473 e) 1135 


OBJECTIVE 14.1 | 
1 23 EAS 16 
a) n= 1 b) p= 27h c)m = 21575 d) a= 2276 


OBJECTIVE 15.1 


13 29 1 


a) 19==— hr. b) 12 mi. c) 134== 1b. d) 11-> ft. e) 17> miles 


30 60 24 


OBJECTIVE 16.1 






64, COS, 
be 
IO | 





£18 


OBJECTIVE I7.1 
Atay b) = A) ise wa ie e) 32 





OBJECTIVE 18.1 
i) The product of a given number and its reciprocal is one. 
a 1 Z 
11) (a) i ib) gre al ay mame) aes 


iii) Zero does not have a reciprocal as there is no number which 


multiplied by O gives a product of l. 


OBJECTIVE 19.1 
4 


BY ae Pa shehe yas 


27 3 
5 d) aie e) O £) 24 8) 7 





OBJECTIVE 19.2 


as 
zs 5 is not possiblegto divide, we replace the division by multiplication 
by the reciprocal of the divisor, and does NOT have a reciprocal. 


3 


OBJECTIVE 110.1 


E = ot = 2 a ptt = 1} 
a) min s229)b) “p 2 eh Ls 23 d) n vA e) a= 1% 
OBJECTIVE I11.1 
a) 9 bags b) 260 mi. c) Le d) 5 cups 


9 3 
e) 5155 dollars f) 35 


OBJECTIVE I12.1 


nieGsd-Gebet 

_ FS :" . or any similar 
c) 2+ 0 = 2 answers 
niet} 


OBJECTIVE 112.2 
i) a) commutative b) associative c) identity d) every non- 
zero rational number has a reciprocal e) closure f) zero 
product. 


ii) distributive property of multiplication over addition. 


OBJECTIVE 112.3 





1) every non-zero rational number has a reciprocal. 





ii) 5x __=1 - there is no number to multiply by 5 to get a product of 1. 


TOPIC II (OPERATIONS WITH RATIONAL NUMBERS) 
PHASE II 


ADVANCED LEVEL 


Students who achieved nine tenths (90%) or more of the 
objectives for Phase I are given this material. 

First, check your record page. If you missed any of the 
objectives there, go back through the materials and relearn the 
proper sections. You will be expected to answer the questions 
that relate to those objectives on the next test. 

In this packet, there are several new objectives that you 
will be asked to achieve. Since there are only a few of these 
objectives, they have been collected at the beginning of the section. 
You should find them more interesting and challenging than the 
phase I objectives. You will be expected to answer questions on 


these objectives on the next test. 


; 
x Oh a 


241 


OBJECTIVE Al 
To state the definition of a non-negative rational number. 


Criterion: Statement to include the same ideas as: 
"A non-negative rational number is a number named by 
a fraction of the form 2 where a is a whole number 


b 
and b is a non-zero whole number." 


OBJECTIVE A2 


To write the definitions for addition and subtraction of rational 


numbers named by fractions. 


Criterion: Statements including the same ideas as: 


"For any rational numbers = and ae 


a,c, adtbe 
Daeod bd 
Lane SC Eisele tt 
b od bd y 


OBJECTIVE A3 


To write the definition for multiplication of rational numbers 


named by fractions. 


Criterion: Statement including the same ideas as: 
For any rational numbers = and aa 


Ae CoV ack re 


Gaede chias 


OBJECTIVE A4 


To write the definition for division of rational numbers named by fractions. 


Criterion: Statement including the same ideas as: 


ac Sac 
> and g G # 9) 


"For any rational numbers 5 


x— 
Cc 


2ZAZ 
OBJECTIVE A5 


To write the statements or reasons which complete the proof of 


a given property of operations for rational numbers. 


Example: 
For each of the numbered spaces in the proof below write the 


statement or reason which is missing. 


Prove that addition of rational numbers is commutative: 


Let = and ; be any rational numbers. 
a c c a 
Prove: b + q q + b 
Proof 
Statement Reason 





@ Definition of addition of rational 
= da + cb bala mallhes alle batt tellea see a © 
db 
a + 
db 3 Addition of whole numbers is commutative 
me ere ee 
ae oS ec, a 
oie ae q a + b 


i.e. Addition of rational numbers is commutative. 


Criterion: 75% of computations correct. 


SOLUTION 


ad + be 
bd 


Multiplication of rational numbers is commutative. 
cb + da 
Definition of addition of rational numbers. 


@ 
@) 
3) 
® 









OBJECTIVE A6 


To use the distributive property to obtain products of rational 


numbers. 


Example 

a) Show how the distributive property may be used to simplify 
Zee 2 ta? 
Gi ial as 

b) Show how the distributive property may be used to find the product 
it 2 


panos 
c) Find the following product without changing the mixed numerals 
to fractions: 1 
3 
4 
2 
mee 





Criterion: Method correct in each example and no more than one 


error in computation. 


SOLUTION 





2 


pity) 70D Ete, 9. 2 2 
2) as* 5p. duguits Seton Be aesteGk Gee G ee i ieee 


ple at ge 1d 2a 
b) 5% > 7 (8 + ah G x 8) + G x 3) 4+ 3 4 
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1. DEFINITICN FOR RATIONAL NUMBERS 


In mathematics, a definition is a statement which tells 
precisely what something means. 


In this section we will see the definition for rational numbers. 


You have seen that each rational number is associated with 


an infinite set of equivalent fractions each of which has the form 
a 
b 
natural number). 


where a is a whole number and b is a non-zero whole number (or 


e.g. The rational number two thirds is associated with the infinite 
2 “hit hans } 
3? 6? 9° ion 


This gives us a way of defining rational numbers as follows: 


set of fractions { 


A rational number is a number named by a fraction of the form = 


where a is a whole number and b is a non-zero whole number. 


This defines the sort of rational number which we have been 
using. That is, 0 and the rational numbers associated with points 


to the right of the point associated with 0 on the number line. 


2 3 
3 2 


Nia 


There are however rational numbers associated with points 
to the left of the point associated with 0 on the number line. 


Some of these are shown below. 


Note the symbols used for these new rational numbers. 

The two types of rational numbers are distinguished by calling 
those associated with points to the right of the point associated with 
0 the POSITIVE RATIONAL NUMBERS and those associated with points to 
the left of the point associated with 0 the NEGATIVE RATIONAL NUMBERS. 


You will learn more about the negative rational numbers later. 

0 is neither a positive rational number nor a negative rational 
number. 

0 and the positive rational numbers make up a set called the 
set of non-negative rational numbers (i.e. the rational numbers which 
are not negative). 

The set of rational numbers we defined earlier is actually 


this set of non-negative rational numbers. 


2. DEFINITIONS FOR ADDITION AND SUBTRACTION OF RATIONAL NUMBERS 


In this section we will give definitions of addition and 
subtraction of rational numbers named by fractions; i.e. mathematical 
statements which give precisely the meaning of addition and subtraction 
of rational numbers named by fractions. 

Apart from stating precisely what something means, a definition 
is a general statement which represents all possible particular 
instances of the thing being defined. 

Let's see how the above ideas relate to addition and subtraction 
of rational numbers. 

The definitions for addition and subtraction of rational 


numbers named by fractions are: 


"For any rational numbers = and 5 


b 
By eirepads be 
bid bd 
Be) CUA Pad Mets OS g 
Do. d bd 


Note: ad means a x d, bc means b x c and bd means b xd. Pairs of 
letters written together as in the definitions indicate 
multiplication. 


These may not look quite like the addition or subtraction we 
did in SECTION 1, however, they are general statements and do give 
the result for any addition or subtraction example. 
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Check that the sum of 2 and 2 is the same by the definition 


and by the common denominator method. 


Check that the difference of 2 and 2 is the same by the definition 


and by the common denominator method. 





Using the definition, you may not get the result as a basic 
fraction. However, a fraction and its equivalent basic fraction 
do name the same rational number. 
- Either the definition, or the common denominator method can 
be used to find the sum or difference of two rational numbers. 
We usually use the common denominator method (least common denominator 
in fact). However this method cannot be readily stated in the form 


of a general definition. 


3. DEFINITION OF MULTIPLICATION OF RATIONAL NUMBERS 


The definition for multiplication of rational numbers named by 
fractions is as given in OBJECTIVE A7.1. 

As with the definitions for addition and subtraction of rational 
numbers named by fractions, the product may not be a basic fraction. 
However, we saw in SECTION 7 how the product can be reduced to a 


basic fraction. 





® ie retry 25 +12 37. 
etka ty Daal: rena 6x 5 30 30 
342.25, 12, 37 
6 pSadaad atage wae 
4 es Poe Seton . SUPA eA thege a 
+ peek 6x 4 24 24°. gd 
5 _ 3 eyb0abooPes ol 
6deus aldoe td2.68ie 
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4. DEFINITION OF DIVISION OF RATIONAL NUMBERS 


The definition for division of rational numbers named by 
fractions is as given in OBJECTIVE A9.1. Note the condition that 


the divisor cannot be zero since we cannot divide by 0. 


5. PROVING PROPERTIES OF OPERATIONS WITH RATIONAL NUMBERS 


In SECTION 12, we used examples to check that various properties 
of addition and multiplication of rational numbers named by fractions 
held. 
We can in fact prove that these properties hold by using 
(1) our knowledge of the properties of addition and 
multiplication of whole numbers (stated in SECTION 12) 
and (2) the definitions for addition and multiplication of rational 
numbers named by fractions (stated in OBJECTIVES Al.1 and A7.1). 


Let's see how two of the properties can be proved. Then you 


can complete the proofs of the others. 


if Prove that addition of rational numbers is associative. 


Let mai Bai = be any rational numbers. 
Sen ve Seek Sosa’: 
Prove Cs + 7) + ants + G ae 2 
peoae Statement Reason Comment 
er re. s a = Sette = definition of addition 
- eres ee defini cton~of“addttton-}(bd).e.means (bias 
_ fad + be)ae Chdye Mult. of whole numbers Chang @5 o 8 oe 
x (bd) £ is commutative 
_ ff(ad) + £(bc)} + (bd)e distributive property 
(bd) £ for whole numbers 
- Aifad)f + (bc)f} + (bdje Mult. of whole numbers | Change of order. 
(bd) £ is commutative ddies 
i (ad)f + (bc)f + (bd)e Add. of whole numbers nes gins Be eos bh 
(bd)£ is associative : 
_ adf + bef + bde Mult. of whole numbers | Grouping for 
bdf is associative. multiplication does 


not matter. 
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2AS 
a cee 
Bree bs 
= ah (i+ de) definition of addition 
— -a(dt) + b(cf + de) definition of addition 
b(d£) 
Peace Jost (a (Gh) hada), distributive property 
b (d£) for whole numbers. 
.- a(df) + b(cf) + bde Add. of whole numbers 
b(d£) is associative. 
adf + bcf + bde Mult. of whole numbers 
bdf is associative. 


The last line 

in each set of 

equalities is the 
same. 


e a Cc e a Cc e 
Reeds fs bits nutee? 


Addition of rational numbers is associative. ee is an abbreviation 


for ‘therefore’. 
However, it is never 
used in an English 
sentence. 


A proof, as you see above, is a sequence of statements for each 
of which a reason is given. Proofs can often be conveniently given 
in two column form. The first column gives the statements; the 


second column gives the reasons for the statement. 


In our proof above, the reasons used are the definition of addition 
for rational numbers and the properties of operations for whole 


numbers. 


II Prove that 1 is the identity for multiplication of rational 
numbers. 


a 
2 a 
PEOVG- aa x Lee b 


b 


Let be any rational number. 


Proof: 











Statement Reason 












ee 1 ; 7 is another name for 1. 
a = definition of multiplication 
pe eee 
bast 
= i 1 is the identity for multiplication of 


whole numbers. 


1 is the identity for multiplication of rational numbers. 


Now turn to and do the activities on the following pages. 




































| | payee a * ie on a 
See ee ee ta ee 
iy he te + a 

Deh a 
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enti sees offT! a l 
te 6 disso: at : *4 “Gu SAP ..es i$) Tord 


og; 8 anced as piteatton of suhag numbers fame! hy ‘fractions 
oaa pes ha ia 
2) ; va 
och souinee an ak «es ,avissiooees ef exedmun Lanokaes 19 vrs 
‘ottagwes” tex Ese Sek Bw pee per tien ade! oy a og a 


teven et ab esvewell. of cis. ceowett iow of madd chow and 


“detignd as at boeu 


netase © viste muaawe Gopered La SECC AN 2a by 


dors to? eyne mere Yom ombispos » os povodin buw- URE: Bre Sond 
nove Yi ob Enso od HesIVS who etoovll hy Seley" a to aaa, i | 
pnd 7, 220ace3a4a adi, ARR: bpuilos  deagd 1 ot REE = 


, »- Ieoupsp3s, ofa, 10% aaoeset od aevig pres 


“ 


‘Ce i™ 


coir thbp ia, aoks int sab. pad, oa aan, ascna3, ad eaked® oo3q 3 
‘oLotty Te) apohap age , 3o, eakdaagera eis bas erediaue ida 


i 4 4ts 
, ey 
87 


ee 0 4 * 





” - ™ { 3 * ? ow ae Dy a ute 69 
' anna AB. fpr snckieto tae, BR, vatinebs oda at fanaa 
me + a ee oe oy ' ye 
‘ a * b i if Py * ataer i= at tern ae aidttios | 
eee . Toda fanakous 
; . re PN eka! a t tet sade OF wad Pe he 
> Se? *, Phat pe. ' | tg ; | me whole mtvoral } 





' ie samgart a ve 
£ oP i patie pe 
=a A un 


oa eam «23° . 


tae * 
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SECTION 5 -— ACTIVITY 
Each of the following is a proof for one of the properties 

of operations with rational numbers. In these proofs, certain 
statements or reasons have been omitted and left for you to give. 
Each place where something has been omitted is marked with an * 
and numbered. Write your answers in your workbook, NOT on these 
pages. At the end of each proof, check the answers you gave with 
the answers given at the end of the advanced work. If you cannot 
see why a particular answer is given, ask another person in the 
A group or ask your teacher. 

The symbol ".’." means "therefore". 
1. Prove that the rational numbers are closed for addition. 

Let = and q be any rational numbers. 

Prove: ae apis a rational number. 

Proof: 
Statement 
aye Reason Comment 
Died 

Braderebc Definition of addition 

bd of rational numbers 


Whole numbers are 

closed for multiplication] Here we make 

(ad + bc) is a whole number 1 use of properties 
of whole numbers. 


ad and bc are whole numbers 


bd is a non-zero whole number b #0, d#0 and #2 
° ad + bc é : 
~. as is a rational number | Definition of rational 
bd number. 
Tee re Bat a rational number This comes from 


the first two 
lines in the 
proof. 


i.e. The rational numbers are 


closed for addition. 
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2. Prove that the rational numbers are closed for multiplication. 
Let = and 5 be any rational numbers. . ie He oi, 
We 3 Prt eB 


Prove: bp * q is a rational number. ; Ww 


Proof: : o8: ne 





Statement Reason Comment 


bd 
ac is a whole number 


b#0, d¥0, and whole 


*5 
numbers are closed 


<. 22 is a rational number. forme oe 
bd *6 
alec 
i.e. > * aaue a rational 


number. 
i.e. The rational numbers are 


closed for multiplication. 


3. Prove that uth ipl ication aS rational numbers is commutative. OGG 


Let = and = be any rational numbers. 


b 5 4 
Pp ° a S = hea X a : ‘ : a 
rove: b x q q D 
Proof: 


Reason. 


Definition of multi- 







bd plication of rational z 
pea) numbers hie: The order is 
~ db ely 


; ath 

Definition of multi- ee 
plication of rational | 
numbers. 


iy ne 





























Let = and 5 be any rational numbers. 
Oe a ee 

Prove b a Fae | +t b 

Proor 


Comment 





Definition of addition 
of rational numbers. 













da + cb #11 This property is 
db . used three times here. 

z #12 Addition of whole numbers 

Sa is cummutative. 

cea 
wee * 

q + 5 13 
Es es * 14 





i.e. Addition of rational 


numbers is commutative 


5. Prove that multiplication of rational numbers is associative. 





Let = {and = be any rational numbers. 
Sad c dee Cre 
Prove: cs x 7 xFrpx G x 2) 
Proof: 
Statement Reason Comment 





*15 
Definition of multipli- 


The definition is 
used twice here. 









(ac) e aK 
= tion of rational 
(bd) £ numbers. 
- Con) K16 Mult. of whole numbers The grouping is 
di.) is associative. changed. 










Definition of mult. 
of rational numbers 
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Note: In proof I on page of the description we proved that 


addition of rational numbers is associative. _ 


6. Prove that 0 is the identity for eddieien of rational numbers. 


Let ane any rational number. aie 
a | ade haat 
12 . loss So r, * ny 
rove b 0 b ; oN 
. | sens 
Proof: . on ey a ig ae 









Statement Reason 








a UB, Seton 
b Oo. ae 
a) Bee. ZT is ano 
a were 
abn Ietepet0 
wg SE LXE SOD EES *20 <; 
sal 20 
2 1 is the identity for 
= ——————_ #21 mult. of whole numbers 
and bx0=#0 AWeLKEe 
au = ; #22: whole n 


es *23 
i.e. 0 is the identity for 


addition of rational numbers. 


7. Prove that multiplication is distributive over addition of rat 


numbers. i i. ae i eee 
Baie e b es So 3 
Let 7, 7 and - any eT numbers. Tih , 
a . « 5 rem A , . . 
Prove: 5 * es p= x@ + Gas ee ee is 
Proof ; A. 


Statement Reason 






any ) Definition of addition | 
) of rational VERT rao 
Ey eClatade) 
oy b(d£) | 
_ a(cf) + a(de) 
i bGLh) 7 
acf + ade 
Bdt ae 


ca 
b df 
= 
b 


— <a a ee 


bd | bE 
(ac) (b£) + (bd) (ae) 
(bd) (bf) 
acbf + bdae 
bdbf 
bacf + bdae 
bdbf 


_ b(acf + dae) 


bdbf 
b(acf + dae) 
bdbf 
acf + dae 
dbf 
acf + ade 
bdf 


cee) 
ee ces x 


b 
i.e. Multiplication is 


Cc e 
eon. 


*31 


distributive over addition 


of rational numbers. 


8. Prove that the multiplication property of zero holds 


rational numbers. 


a 
Let b i 
Prove: p * 0=0 
Proof: 
Statement 


434 





*27 
*28 


*29 


Mult. of whole numbers 


is commutative. 


Distributive property for 
whole numbers. 

Numerator and denominator 
are divided by b. 


*30 


be any rational number. 







Definition of mult. 
of rational numbers. 


and *33 










“ 
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Now we start with the 
right side of what we 
have to prove and get 
it into the same form 
as that to which we 

changed the left side. 


The order in the products 
in the numerator has 
been changed. 


The fraction is 
reduced. 


The order is changed 
in two of the products 
This is now the same 
as the left side. 


for the 


Comment 


is another name for 0 


r|O 


is another name for 0. 


om Ke) 
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6. USE OF THE DISTRIBUTIVE PROPERTY 


Multiplication and addition of whole numbers and of rational 


numbers are related by the distributive property. 


We have seen the distributive property in the form: 

ax (b +c) = (a x b) + (a x c) 

Now look at the following: 

(b +c) x a =a x (b +c) Commutative property of multiplication. 
= (a x b) + (a x c) Distributive property 


= (b x a) + (c x a) Commutative property of multiplication. 


Treen (bp Fc) x a’ “= "(bx a) + (cx a) 


We see that the distributive property can be used when the 


single multiplier is on the left or right of the parentheses. 


Now let us look at some examples in which the distributive 


property is used. 





Examples 
Meo x257 = 6 x (30 + 7) = (6°x 730) + (6x 7) = 180 + 42 = 222 
a ines iis epi elite hee Me kame 
(2) 6.x 4 Aba 6x (3 + _ = (6 x 3) + (6x _ 18 + 7 18 + 5 195 
eee tae era es a ee ane 
(3) 3 x or =3*x (6 + 5 G x 6) + G x 5) 2+ 5 25 
1 1 - Te eee ae sas 
(4) 27 x Sym (25+ — x 5 = (2x5) + G x 5) 10 + i 10 + 1; 117 
1 t 1 
1. The product 35 x 65 can be written as o> 
1 
x 33 be 
Examine the following to see what has been done rs 31 
to find the product. =) 
a 
3 
el 
LOn a AS 
CEA anf 


2. Use the same method as above to show that 


i ts 2 





“AAAS 


In the examples in items 1 and 2 on the previous page, we have 


also been using the distrubutive property. The following shows how. 


li i: 1 it Eee siete tee 1 1 1 
33 x OF = B+ x OF = Gx G+ Gx =3x 6+ PN +Zx (6+7) 


Gx6+GxDt+Ex6)+ Exp =-w+7e+2+5 


4 a2 
9 L 10 P) 
ao i ee 20) Te ce el 


Now do the exercises on the following activity page. 





Answers: lL. Sx 6p Sx 6+ D5 Gx 6) + Exp 2+ = 25 
3x 6F= 3x (6+) = (3x 6) + Bx Zz = 18 +3 = 187 
2s + 182 = 20+ + = 20 + Fo = 202 
2. 45 
x25 
2 
oa 


SECTION 6 -— ACTIVITY 


1. Use the distributive property to simplify the following: 


@) Gx D+ Gxd® () Gx D+ Gx 
(b) Gx 2+ @x+s @) GxD+Gxd 
(c) Gx 2) + Gx 2) (h) (4 x 3) + GF x % 
@) Gdx2 + adeD G) (gx 1) + a2 x 1D 


1 3 i 2 
(e) (23 x 15) + (23 x 15) 


2. Use the distributive property to find the products. 


al 5 2 ee ek 
(a) 5 x 6 (d) gx 16= (g) 67 x > 
3 1 ater, 
(b) 8 x 27 (e) 23 x 6 (h) 9 xX 3 
3 1: 2 
(c) Z* 12> (£) 35 xX 10 


3. Find the following products without changing mixed numerals 


to fractions. 














1 al. 1 if 
Co Bas (b) 125 (c) 45 (d) 107 
Ji 3 3 4 
x ly x 27 x67 x 35 
J al 3 
(e) 8> (f) 157 (g) 65 
5 %) 2 
x 23 x 4c x 25 











2H1G 


209 





SOLUTIONS 


SECTION 5 - ACTIVITY 


OF OO NI GNSS OID Fi en RO 


eb 
HK oO 


PZ. 


MN N N HF B&B eR BP pe pS fe 
WIND = Fs ND Oo SI vin. fee Ge 


WO WH NH NY KY NH LH 
[= a We ec OS toi gS, ee 


to 
iv) 


Whole numbers are closed for addition (ad and be are both whole 


numbers from the previous line.) 

Whole numbers are closed for multiplication. 
Definition of multiplication of rational numbers. 
Whole numbers are closed for multiplication. 

bd is a non-zero whole number. 

Definition of a rational number. 


Multiplication of whole numbers is commutative. 
KT oe ghd 
d* 5 
Multiplication of rational numbers is commutative. 
ad. +. be 
bd 
Multiplication of whole numbers is commutative. 
eb + da 
db 
Definition of addition of rational numbers. 
Beene a0CK a 
bud = db 
Definition of multiplication of rational numbers. 
a(ce) 
b(df) 
Definition of multiplication of rational numbers 
a ow le 
maa © 
Multiplication of rational numbers is associative. 





Definition of addition of rational numbers. 
a+0 

b 
0 is the identity for addition of whole numbers. 
a a 





Definition of multiplication of rational numbers. 
Distributive property for whole numbers. 
Definition of multiplication of rational numbers. 
Definition of addition of rational numbers. 
Multiplication of whole numbers is associative. 


Multiplication of whole numbers is commutative. 


2AL7 


on > + Gas 2 33. Multiplication property of 0 for whole 


age 
box: 1 





numbers and 1 is the identity for 
multiplication of whole numbers. 


34. The multiplication property of 0 holds 


for the rational numbers. 
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mm @) zx G+ -Zui-3 (f) G+ DxFelxgsd 
b) gx G+ Bosur2-F  (e) Gri xderxtei 
(c) ix G+ 2 sSx3=2 (h) (5+ 33) x2=8x2=3 
@ ise G+prigxi-22 @ O+1)xib-3xi- 
(e) 2x (IS + 12) = x 327 

2. (a) 5x (645) = (Sx 6) + (Sx B= 3041531 
(b) 8x (2+F = (8 x 2) + (8x 5) = 16 +6 = 22 
(c) $x G2 +4 = Gx) + GxD-9+5- 9 
@) 2x G6 +2) = @x 16) + Ax D = 10+F = 105 
(e) (2+5 x 6= (2x 6) + Gx 6) 2124+2= 14 
(£) a+ x 10 = @ x 10) + (Sx 10) = 30+4 = 34 
() (6+ D xF- 6x5 + Exp -3+3— 3 
(h) (9 + 3 x$- (9x5 + Gx -6+i= 6 

3. (a) 4% (b) 125 (c) 4 (4) 10> 
x 17 x 22 x 62 x 3¢ 

§ or 55 a5 

ae 242 24 4 307 

=f 3355 27-2 = 273 3850 
(el 8 (£) 155 (g) 62 

x 25 x ae x 28 

55 55 “5 
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ee 70 eee 
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CHALLENGERS TOPIC @ 


Think back to Problem Solving in Topic 1. It was stated that 
there are no ‘hard-and-fast' rules to follow iin the solving of all 
problems. Each problem will be different and will require its own 
"line-of-attack'. 

Sometimes a mathematical pattern or relationship can be dis- 
covered if we first look at several numerical examples. Here is an 
example in which looking at examples helps. 

The first of two rational numbers is greater than zero, and 
the product of the two rational numbers is greater than zero. 

(I) If the product is less than the first number, what must 

be true about the second number? 
(II) If the product is greater than the first number, what 


must be true about the second number? 


Let's look at some numerical examples to determine what must 
be true about the second number in each case. 
CL) First Second | Product | Finding the i Second 


Number} Number | (less than [| Second Number Number 
first number) 


3 
L 
5; 
3 
5 
4 





What do you notice about all the second numbers? 
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You can look at as many examples as you require to find a pattern. 
Here we notice that every time the second number is less than one. 
Thus, it seems that if the product is less than the first number, then 


the second number must be less than one. 


Now you try some examples for part (II) and see what is true 


for the second number in each case. 


Read the following example very carefully. 
‘If a given rational number (less than one) is divided by a 
rational number between O and 1, how does the quotient compare in 


size with the given number?’ 


Let's try some numerical examples. 


Given Number Between Finding Quotient 
Number O and 1 Quotient 
3 i eicaeal he 
4 2 “i 2 2 
a 
eee 
3 
z 
5 15 Sa LS 4 
orale 
oa ed 
2 
4 
a _8 SoS il 
7 ini in Le 14 
eeeins 
eet: 
ae 
14 


How does the quotient compare in size with the given number? 
In each case we can see the quotient is greater than the given number, 
when the given number (less than one) is divided by a rational number 


between O and l. 


Remember that all problems are different. But you may sometimes 
find it useful to use numerical examples when looking for mathematical 


relationships or patterns. 
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The most important thing to do when solving problems is to 
THINK! THINK! THINK! 


Read the following instructions and then do the problems. 

1. After trying a problem, check your answer with the one given at 
the end of the Problem Solving section. If it is incorrect, 
try the problem again to see if you can arrive at the right 
answer. 

2. Do NOT spend more than 15 to 20 minutes of hard thinking on a 
single problem. After that time, leave it and try the next 
problem in the section you are working. You are not expected 
to do every problem. If you find that the problems in a section 
are very easy and do not require you to do much thinking, leave 
this section and start the next section. The problems having 
been divided into four sections with the easier problems first. 
For you to be doing real problem solving you should be challenged 
and be required to think about a problem before being able to 
arrive at an answer. 

3. When you have tried all the problems in a section, return to those 
you missed. You may be surprised at your second try. 

4. Work on some of these problems at home. You may have more time 
to think about them. 

5. Have your teacher look at your "Problem Solving" attempts and 


achievements. 
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Challengers Section l. 


Suppose you saw the two number sentences below written on the 
chalkboard by two students. What correct conclusion could 
you reach about these products without doing any computations? 
Why? 

24 65 _ 1560 65. 24 _ 1580 

23 66. 4518) — 66 23 1518 
Joe saw the two sentences below written on the chalkboard. 
He said "If both sentences are true, then addition of rational 
numbers is NOT commutative. Was he correct? Explain. 


Gti Che Gola: todahits Found 5 
Fr “aig? oy, 


SAL. 29 28-24 12 


Simplify the following: 


ne 8 
ayia5)* Is * 105 
Sy) ee 


What rational number less than 2 can be added to 2 so that 


each sum is greater than 1? 


Show how the distributive property can be used to show that 


1 Z 1: 
9 X 63 is 35. 


The universe or replacement set for 'n' in the following 
conditions of equality is the set of whole numbers. Find 
replacements for 'n' which make each condition true. 


eae n _ 16 fms [enod 
Ole ahr: De een Son 110 
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Challengers Section 2. 


7. A certain rational number is greater than zero. Its reciprocal 
is larger than the number itself. What must be true about the 


number? 


8. What can be said about the value of reciprocals of numbers which 


are very close to one? 


9. If a given rational number (greater than zero) is multiplied by 
a rational number between O and 1, how does the product compare 


in size with the given number? 


10. If a given rational number (greater than zero) is divided by 
a rational number between 0 and 1, how does the quotient compare 


in size with the given number? 


Ww 


Challengers Section 
ll. Express the sum of vr Fas a fraction. 


12. If a, b, and c are different whole numbers, find the values 


Of a, Deand tceit. 


13. Write the solutions for the following sentences. The universe 


is the set of rational numbers greater than zero. 


atnald a 
a) pigs C d) -2n a3 
2 5 2 Rl 
Ear hee cae S) Mae 
ec) n- as ze 
5 5 


14. Find the following sums. Then find a relationship between each 
sum and the numbers involved. 


i aN 1 Ni iL 


Sas De or oad 
1 1 1 1 1 1 1 1 1 
Cio oes cee eee 4) F5+t Oea. Reh deh RO 


(cont.) 
14. Use this relationship to find the following sums. 
ul i if 1 
Serr Sere osc 
£) 1 . ir A £ i 


7 ons Meyer OO 10G. 


15. Find the sums of the following fractions and look for a relation- 


ship between the sum and the fractions. 


aes ear i 
oS coy Gorka 
apa bey bs ©) 875 39 
ig jaLonpriah 2 
22) Spee yee aa rie 


Using the relationship found above, find the following sums. 
(Do NOT form the L.C.D. and add the fractions, use the 


relationship.) 


1 a 1 i 
Dap 4a 7 2) og oe 
1s, salt gvgnsl fae 
USN tos, ye 
1 1 
8) 30 + 60 7 
Complete the following sentences using the same pattern as 
above. 
1 1 
DSC fies 


1 
Wises 0 ea 


m) Write a formula to express the relationship found. 


Challengers Section 4. 


16. After much experimenting Robert claimed that dividing rational 
numbers could be done by dividing the numerators and dividing 
the denominators of the fractions in much the same way as 
multiplication of rational numbers. Try some numerical examples 
to determine if Robert was correct. Prove your answer using 


rational numbers = and ret 


21s 
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Demonstrate on a number line the multiplication of the following 
rational numbers. 

SF uses: 4 gm BS 
a) Z*9 b) © 2:7 3 c) 7 XZ 


Indicate diagramatically, with regions, how to form the 


following products. 


2 9 4 3 4 9 

a) 3 *7 b) 3 *G c) 7 *Z 

a) Can the distributive property be used to find the product 
65 x 2s 2? If it can, then show how. 


b) If you were in the Advanced Group for this topic, prove 
the distributive property of multiplication over subtraction 


of rational numbers. (hint: use the definition of 





subtraction). 
dl _ 5443 ’ 
4 41 2 7 is known as a 
=2+ 4 res 
° continued fraction for aa 
eco eee 
ea It is represented by the 
: symbols (2; 1, 3) 
eo ae eas 
aS 
; 3 
Another example of a continued fraction is: 
i) & i 
lynne | Mo] 
19 
=O 
me. 
19 
-0+—+— 
2+ Fo: 
=O+ a 
2s 
ee) 
9 
Li 


il 
Se 

+ 

No ‘ 
Bele 
rT 

oO 

+ 


The continued fraction is represented by (0; 2, 2, 9). 
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* Each numerator in a continued fraction is one. 


a) Compute the continued fraction for 


64 , 
is and write the 
symbol for it. 


b) Which fraction is represented by the continued fraction 
CO see cise moe 


7 » 
~~ . “4 | 
4.2, 
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CHALLENGERS ANSWERS Topic 2 


Discussion : 
If the product is greater than the first rational number, the 


second rational number must be greater than one. 


Section 1 


1. One of the products must be incorrect. According to the 
commutative property of multiplication for rational numbers, 
they should have equal products. 


2. No, he was not correct. 


300 5) melee 6") 6 
DAG eS ID 8 


Thus the commutative property of addition for rational 


numbers is supported. 


oF 2 
sane: 9 10 b) 3 
4. =< n< 2 ie. the set of rational numbers from = to Pa 
it a eigat 2. eal HS indy core liptey 
5 5x 65 pes (6-+ 3) GS x 6) + G x 3 3 + 3 33 : 
Gear a). b) any whole number greater than zero c) 8 


Section 2 


7. The number is less than one. 
8. The value of the reciprocals is also very close to one. 
9. The product is smaller than the given number. 


10. The quotient is greater than the given number. 


Section 3 


ee des PY. w, 2t42i412] 
yqd 2 3 6 
tos .a). sol: 2 b) sol: all rational numbers greater than 2. 


c) sol: all rational numbers greater than 


d) sol: all rational numbers greater than 


| rml[w Ufo 


e) sol: all rational numbers greater than 
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16. Robert was correct. » i 
a. Lc = = de 
Usual method aes a eo: a 
-~a4xd¢ 
| iyo AD Cre 
ar 2) SS aee 
Robert's method a Rar Syl 
yer 
Robert's method gives eb 
the same answer as the : oe 
usual method. | ays ct bd 
Seba 
xdk 
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i Ey (Paar: 
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b) 
c) O 
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19. 
a L i, 2 
= (Gra Zit Conon) 
2 i 1, , 2 
= (6 + >) Ce + (6x >) x3 
t 1 2 1 2 
= (6 x 2) + G x 2) + (6x 3 + G x 3 
1S eh GH ai ies a 5 
—- qt 
= 173 
ae e ; 
b) Let Db? q and ZF be any rational numbers. 
a c e a c a e 
Prove: > * G ~ 2 = (x D> = (x D> 
PrOOt: 
Statement Reason Comments 
a c e 
D x ier > Start with oie side. 
Sigil, 6 (3 S as Definition of subtraction 
b df of rational numbers. 
mugen (cr inde) Definition of multiplication 
byx, (df) of rational numbers. 
Spgectan ade Distributive property of cf and de are whole 
bdf whole numbers. numbers. 
Gee oye gee) Now start with right side 
b d b f and get it to be the same ~— 
as the fourth line. ce 
pecan ae) Definition of multiplication 
bd bf of rational numbers. 
acbf - aebd Definition of subtraction 


bdbf of rational numbers. 





Statement Reason Comments 
Reo Cach = dae) Distributive property 
bdbf of whole numbers. 
% Bact ‘—- dae) Reducing the fraction. 
dbf 
ee act. — ade Commutative property Order is changed in 
bdf£ of whole numbers some terms. 5 
ea Oe he = hs 
Sait d £ Result is same as 
a He = min s e. left side. 
b d b E: 


ie. Multiplication is distributive over subtraction of rational numbers. 
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Topic II Operations With Rational Numbers 
Post - Test I (Form A) 


1. Show all your work in the spaces provided. 

2. Place your answers or solutions on the lines ( ) whenever they 
are provided for this purpose on the right hand side of the page. 

3. Your items will be marked wrong if your solution does not appear in 
the space indicated. 

4. Work carefully and do not spend too much time on any one item. 


All items should be attempted. 


Il.1 Find the sum for the following and write it as a basic fraction. 


ies) 


1G ew a Fe ) 


iz lO wolw 


+ 
— 
ie) 


I1.2 Find the difference for the following and write it as a basic fraction. 


(eee Shes 

ota es 

ele Ty 2° eA cen ) 
9 
u Be. { ) 
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aed 


BO: 1 


NS 74 


eee ict 226 


A. Write each of the following as a mixed numeral: 


incre 
9 SP IN Eh tl 
ii) 2 itt 


B. Write each of the following mixed numerals as fractions. 


; 3) 
Ldnedg Pn a 
ii) 6s eR 
. ; 2 OZ 6 
A. Show, using fractions, why the mixed numeral for —> is 85 ° 
: ‘ : : fae ae © 
B. Use fractions to justify that the fraction for 15 is “> - 


Find the sums and write each as a mixed numeral with the fraction 


part as a basic fraction. 





3 
Ke 35 B. 3e+a+ 3 
ge Boole As ) 
8 
Beit ) 


Find the differences and write the fraction parts as basic fractions. 


2 8 
A. 23 fk ore 
B. 65 
; Tahoe nC ) 
= 35 
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Solve the following condition and write the fraction in the solution 
as a basic fraction. Show the check. 


a 3 
Pond Che. £10 


T4217 ) 


John spends of an hr. on math. homework, then he spends + Of ane, 


on English homework, next he spends = 


2 of an hr. on French homework 


and finally he spends oe of an hr. on Social Studies. He intended 


to finish his homework within one hour. How much of one hour has 


he lett? 


ES lie ) 


Using diagrams show how : of - can be obtained. 


Find the basic fraction for the following product. 


So 34 x ie Xx = 
| Bs) in? 64 


Eyelet ) 


What relationship exists between two rational numbers which ee 
the following property? 
sy ts) 


See eg ees alg: 
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Find the following quotient: 


Lige ol hed @ ) 


19.2 Explain, using reciprocals, why = + QO is not possible. 


BIO 1 


LEp Eg 


2a 


Solve the condition and show your check: 


1 1 
133 a= 235 


EO. eG ) 


Susan got a large case of eggs at the store. On her way home she 
dropped the case. As a result 7 of the case of eggs was damaged 
and of these : were broken. The rest were cracked. What part of 


the case of eggs was cracked? 


Ti ieee ) 


Give a numerical example for each which illustrates what it means 
to say that: 


1) the set of rational numbers is closed under addition 

2) the rational numbers have an identity element for addition 
3) addition of rational numbers is associative 

4) addition of rational numbers is commutative 


1) 
2) 


3) 
4) 
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112.2 Give a numerical example for each which shows what it means to say 
that: 


1) the set of rational numbers is closed under multiplication 

2) every non-zero rational number has a reciprocal 

3) multiplication of rational numbers is commutative 

4) the rational numbers have the distributive property of 
multiplication over addition 

5) multiplication of rational numbers is associative 

6) the rational numbers have an identity element for multiplication 


112.3 Give an example to illustrate the property of multiplication 
the rational numbers have that the whole numbers do not have. 
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Topic II 


Post-Test II - Basic (Form A) 


1. Show all your work in the spaces provided. 

2. Place your answers or solutions on the lines ( ) whenever they 
are provided for this purpose on the right hand side of the page. 

3. Your items will be marked wrong if your solution does not appear 
in the space indicated. 

4. Work carefully and do not spend too much time on any one item. 


All items should be attempted. 


Bl.1 Find the sums of the following and write each as a basic fraction. 


mgrdsg oj 
EME kee ) 

me 
12 Bea ) 

1 

eG 





B1.2 Find the differences of the following and write each as a 


basic fraction 


i 4 16 

nie Tag ne on 

_ 23 
Le Bimal oe ) 
Be ) 

$ ; 39 : 
B2.1, A. Write the fraction 7) as a mixed numeral. 

B. Write 92 as a fraction. B21 ACen ) 
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B3.1 Find the sums of the following and write the fraction part in the 


answer as a basic fraction. 





2 1) 2 3) 
A. 11z Be 15 + oF + % 
5 Bor eA 
+125 
B3.1 B. ( 


B3.2 Find the differences of the following and write the fraction part 


in the answer as a basic fraction. 


7 5 3 
A. 19 - % Be. 185 
2 
- 145 
Bse2 As eC 
Bay one ( 


EES eee : : : 
Ta * 33 and write the fraction in the 


solution as a basic fraction. Show your check. 


B4.1 Solve the condition a - 


B4.1 -( ) 


B5.1 The batting average of the school team was a: 


The batting average for Marvin, the shortstop, was a 
How much does the batting average of Marvin exceed the batting 


average of his team? 


B5.1 ¢ ) 
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B7.1 Find the basic fraction for each product. 
5 3} 
A. 7 of oF ihedh di MG ee) 
Be 3) ee 
aX Ts x 10 Bie leben ( ) 


B8.1 Give the reciprocal for each of the following numbers if it exists: 


B9.1 Find the quotients and give them as basic fractions: 


Ate ee = 





BOsl A. ( ) 
BOsleRs ) 


B10.1 Solve the condition 2 = fa a and write the solution as a 


basic fraction. Show the check. 


BiG iat ) 


Bl1l.1 Ann was to make a dress for graduation. She decided to shop 
around and found 2 kinds of materials she liked. Crimpoline was 
2 
priced at 2= yards for oe dollar. Velveteen was priced at ie 


3 Zo 4 
yards for = dollar. Which material was the cheapest per yard? 


Blt tc( ) 
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Post-Test II - Intermediate (Form A) 


1. Show all your work in the spaces provided. 
2. Place your answers or solutions on the lines ( ) whenever 
they are provided for this purpose on the right hand side of the page. 
3. Your items will be marked wrong if your solution does not appear in 
the space indicated. 
4. Work carefully and do not spend too much time on any one item. 


All items should be attempted. 


I1.1 Find the sums of the following and write each as a basic fraction. 


Spas 9 7 
Seas haa Te ee 5 
5 

5 Bh eo ) 

+ 3 11.1 “Beet ) 
5 





I1.2 Find the differences of the following and write each as a 


DaASiCHeEa] Clone 


ie Lith 24 
A.=--c B. = 
12 3 25 piaheaeey Nae Ke ) 


D 
5 Lies Bea ) 


12.2 A. Justify that the mixed numeral for 


ae is 55 


5 5 by using fractions 


B. Use fractions to justify that the fraction for 


See OU 
lls is = 


I3.2 Find the differences and write the fraction part in each answer 


as a basic fraction. 
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I4.1 Solve the condition or = ae +m. Write the fraction in the 


solution as a basic fraction. Show the check. 


Tae ( ) 


I5.1 Sylvia wants to make a dress for graduation. She is short of 
funds and as a result has to go to the remnant sales. At one sale she 
gets 1 1/4 yards of material, at another sale she gets 7/8 yards 
of the same material. How much more material does she need if the 


dress pattern calls for 3 1/2 yards of cloth? 


LS iar ( ) 


16.1 Using diagrams show how 3 of = can be obtained. 


I7.1 Find the products for each of the following and write the fractions 


in the answers as basic fractions. 
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I8.1 In the following illustrate with an example: 


A. Explain why zero has no reciprocal. 


B. State the property which a number and its reciprocal have. 


C. (1) Give the reciprocal for 1 


(2) Write the reciprocal for a rational number 


(3) Give the reciprocal for a whole number other than zero. 


19.1 Find the quotient of the following: 


1 Sree 1 
AN 85 7 45 Be. Qe 


19.2 Using reciprocals explain why division by O is not possible. 
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ae 63 35 ; ? 
110.1 Solve the condition 30 "= Te: Write the fraction part in 


the solution as a basic fraction. Show the check. 


E102 Le G 


I11.1 John wants to improve the performance of his motorbike. He 
has a choice of two gasoline additives. Additive A comes in 
41/2 oz. cans and costs 3/4 dollar per can. Additive B comes 
in 5 1/4 oz. cans and sells for 7/10 dollar per can. Which 
brand should he buy if he wants the lowest cost per ounce? 


Show all work. 


Lidge ( 






i} AD 
' I t -“ 
“ ALS % 
= ' 
. 5 “ - 
4 a oy 
>. ij 7 7 
Pal Pe e 
( “4 
- be ~~ i 


4 ; 7 
ti traq moljoat] off stiuW vee = ae noltstbaos add eviok® LOFT 
1 Oy ; P \ ieee 


oft wod? .motsossi stead # ex -notiulos ez 


‘ 


oH. Jom 2 lo sonpakenciyed add gvoxqm? 02 efmew nfot 1.1gF 
f id Ly p' 





40572 


Topic Il 


Intermediate - Supplement 


Post-test II 


237 


I12.1 Match the example given in column I with the correct property from 


column II for the properties of addition of rational numbers. 


54 


feo 


ofr 


R 


uo 
2 


flr 


a. 


b. 


Cc. 


Loft 


Associative property 


Commutative property 


Closure property 


Identity property 


112.2 Match the example given in column I with the correct property from 


column II for the properties of multiplication of rational numbers. 


eee 
2 3 5) 


<a 
2 x 2 = ] 
inbed 
~ x : R 


1 At 
3 * 7 Les 


Closure property 


Associative property 


Identity property 


Commutative property 


Reciprocal property 


Distributive property 


112.3 State the property of multiplication the rational numbers have that 


the whole numbers do not have. 


statement. 


Give an example to illustrate your 
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Post-Test II - Advanced (Form A) 


Show your work in the spaces provided for this purpose. Work 


earefully and do not spend too much time on any one question. 


Al Define a non-negative rational number. 


A2 Write the definitions for addition and subtraction of rational numbers 


named by fractions. 


A3 Write the definition for multiplication of rational numbers named 


by fractions. 


A4 Write the definition for division of rational numbers named by 


fractions. 
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Complete the following proof. 


Prove that multiplication is commutative for rational numbers. 


Let 2 and + be any two rational numbers. 
Prove: =xS=sfx2 

—— bd db 

Proof: 





a x 4 Definition for multiplication of rational 
numbers 
= (1) 
C2) 
— $e 
db 
cena (3) 
Br diet b 
(4) 


i.e. Multiplication of rational numbers is commutative. 


A. Show how the distributive property may be used to simplify 


ear ay 
(se ae) AUS 
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ae 
B. Show how the distributive property may be used to find the product 
16 
3 x 2455 
C. Find the product without changing the mixed numerals to fractions. 
2 
83 
x 23 
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TESTS AND ANALYSES 


Final Version of Attitude Scale 
Mathematics Achievement Test - Form I 
Mathematics Achievement Test - Form II 
Test Grid 

Item Analysis - Form I 

[peneamatycus - Form J 1 
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FINAL VERSION OF ATTITUDE SCALE 


A MATHEMATICS STUDY 


The best answer to each statement is your own first impression. 
There are no right or wrong answers. Think carefully, but do not spend 
too much time on any one question. Let your own personal experience 
guide you to choose the answer you feel about each statement. 


Please mark a response for every statement. 


1. +I find most mathematics lessons: 


A) extremely interesting. 
B) quite interesting. 

C) interesting. 

D) not very interesting. 
E) not interesting at all. 


2. A knowledge of mathematics for any job at all is: 


A) most important. 

Bk very important. 

Ch} quite important. 

D. of small importance. 
E} not important. 


3, If Ivdia not have to take mathematics, I would like school: 


A) much less. 

B) a little less. 
C) same as now. 

D) a little better. 
E) much better. 


4. Mathematics is: 


A) the most important subject. 

B) one of the more important subjects. 

C) just as important as any other subject. 

D} not as important as some of the other subjects. 
E) the least important subject. 


5. iI find problem solving: 


A) extremely interesting. 
B) quite interesting. 

C) interesting. 

D) not very interesting. 
E) not interesting at all. 
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When I have difficulty with a new topic in ny SON 
course, I ask my teacher to clarify the section: 


A) very frequently. 
B) frequently. 

C) sometimes. 

D) hardly ever. 

E) never. 


If books about mathematics were available, I would: 


A) read most of then. 

B) read some of then. 

C) look at the diagrams and pictures. 
D) page through some of then. 

E). never look at them. 


If someone says mathematics classes are )worthless and a 
waste of time, I would: 


A) strongly disagree. 
B) tend to disagree. 
C) not take a side. 
D) tend to agree. 

E) strongly agree. 


When I do my homework, my mathematics is: 


4) always done first. 

B) often done first. 

C) usually done first. 
D) sometimes done first. 
E) ‘never done first. 


I find mathematical puzzles: 


A) extremely interesting. 
B) quite interesting. 

C) sometimes interesting 
D) not very interesting. 
E) not interesting at all. 


I would be interested in taking other subjects that make 
use of: 


A) a great deal of mathematics. 
B) quite a bit of mathematics. 
C) some mathematics. 

D) a little mathematics. 

E) no mathematics. 
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If given the opportunity to join one of the following 
clubs, I would prefer a: 


A) 
B) 
C) 
D) 
E) 


mathematics club. 

science club (physics). 
science club (chemistry). 
science club (geology). 
literary club. 


If I could receive one of the following magazines for a 
year, I would pick: 


A) 


+B) 


C) 
D) 
E) 


a mathematics magazine for high school students. 

a magazine combining science and mathematics for high 
school students. 

a science magazine for high school students. 

a geology magazine for high school students. 

a literary magazine for high school students. 


When I study my mathematics course, I most often: 


A) 
B) 
C) 
Da! 
E) 


make written summaries of the sections covered. 
dv additicnal problem solving. 

do many drill questions. 

memorize the formulas given in the text. 

lock over some work done previoisly. 


If I listed my courses in order of preference, I would 
place mathematics: 


A) 
B) 


€) 
D) 
E) 


first. 
second. 
CEP: 
fourth. 
Tifth 


Whenever mathematical problems are presented to us for 
sclving, I get: 


a great deal cf satisfaction in working them out. 
quite a bit cf satisfaction in working them out. 


‘some satisfaction in working them out. 


very little satisfaction in working them out. 
nc satisfaction in working them cut. 


My mathematics course has made: 


mathematics enjoyable for me. 

mathematics a pleasant course. 

me feel indifferent towards mathematics. 

mathematics classes an uncomfortable experience for me. 
me strongly dislike mathematics. 
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I feel my mathematics teacher: 


A) enjoys teaching mathematics. 

B) gets some pleasure in teaching mathematics. 

C) gets some satisfaction in teaching mathematics. 
D) neither likes or dislikes teaching mathematics. | 
E) dislikes teaching mathematics. 


When I do my mathematics homework, I am usually: 


) extremely interested. 
) interested. 

) somewhat interested. 
D) not too interested. 

E) not interested at all. 


When we start a new topic in mathematics, 1 am usually: 


A) keenly interested. 

B) interested. 

C) somewhat interested. 

D) not too interested. 

E) not interested at all. 


The average amount of time I spend on homework assignment in 
mathematics takes the following time _ per day: 


A) more than one hour. 

B) 3/4 hour to one hour. 
C) 1/2 hour to 3/4 hour. 
D) 1/4 nour tal /2 hour. 
E) O hours to vj hour. 


When I get an assignment in mathematics: 


A) Ido it immediately. 

B) I do it eventually. 

C) I may get it done. 

D) I put it off as long as possible. 
Eee dem tedo sie. 


Most of my work in this class is done: 


A) to satisfy my curiosity about mathematics. 
B) to gain competence in mathematics. 

C) to get a good mark. 

D) . to just pass the class. 

E) to put in the time allotted to mathematics. 


During mathematics lessons, I feel: 


.) extremely confident in myself. 
B) quite confident in myself. 

C) confident in myself. 

D) a little unsure of myself. 

E) very unsure of myself. 
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MATHEMATICS ACHIEVEMENT TEST - FORM I 


Which of the following sets is a set of equivalent fractions? 


tage ae 0 2°°6 14 
A. {5 Sey | c.f » 9? 1° mie 


6 3 
5 9 2 Sy oe) 
Bo {3 ap 16 } D.{ 5. ao Te -f 
(eI 70 °°" ie Os) 


In the following diagram, the area of the small triangle PQR 
is what fraction of the shaded part of the large triangle PST? 
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statement true is 


A PS Gee 20 
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A rational number between the rational numbers - and “ is 
5 9 
A. 7s Gr ie 
7 1l 
B. 6 De a6 
3 3 16 
1 3 
es 3 on 5) 
2 3 
B 3 De i 
. Sis. 
5+ 10 is 
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1 1 
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or 


14. 


If any two numbers from the set + 


1 


er 
’ > 3? 4? 


re + are called 


m and n3; the number obtained by m*n will always represent a 
member of this set if * is replaced by 


C. 
D. 


The associative 
illustrated by 


A. Gxbdx2-2x Ex® Cc. 
B. Gxbx2-2xGxd D. 
Too expressed as a decimal numeral 
Ae ake Gaur C. 
Nee ES al De: 
Salve wens.Ol pikes cob] Fie lOG te14.4 
As. n= 187.3521 oe 
BS. naw 264512 D. 
2.88 + .024 = 

As 12 GC. 
Bowls Da 


Xx 


principle of multiplication of 


ae ul& 
olu oluM 


146.22 


14.622 


12 


120 


rational numbers is 


4 
(S 


eo) xe 
4 9 
4 5 
(= x > 


The weight of objects on the moon is .16 times earth weight. 


A rocket weighs 15.6 tons on earth 
the the nearest ton would be 


- Its moon weight rounded off 


A. 2 tons Gey 92..4.tons 
Bepee2eo. cons D. 3 tons 
The correct decimal notation for ae is 

A. .246 CG. §240625 
B. .406 D. s2ic461 
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15. A salesman completed A of a trip of 720 miles by plane, 5 


by car and the semathhe’ by train. How many miles did he go 
by train? 
A. 96 eee far) 
Be aoe Dew 25 
16. eehaal Ken's hovse Harry's hovse Seohn's house 


Ken lives : as far from school as John does. John lives t 


of a mile from school. If Harry lives midway between John and 
Ken, how far is Harry's house from the school. 


Ses T2624 
A‘. 55 mile (GA 75 mile 

LO. 4 tou, 
B. 5 mile D. mile 


17. Two lengths are in the ratio of 3 to 7. If the smaller length is 
21 inches, then the larger is 


A. 25 inches C. 63 inches 
B. 49 inches D. 84 inches 


18. The ratio of the number of inches in a foot to the number 
of inches in a yard is 


Doom, sdyock CeO 

Beg el 53 Deg Ord. 
19, What number is 16% of 425? | 

A. 68 Cm 2056), 2:5 

Beam oe D. 26.5625 


20 After one year a car is worth 75% of its original cost. If the 
value of a car one year old is $2400, then the original cost was 


A. $1800 C. $3000 


B.= $2720 D. $3200 
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Four students wrote a test in which each of the students was 
assigned a value. Which of the following students scored highest? 


A. Louise, who answered a of the questions correctly. 

B. Andrew, who answered 83% of the questions correctly. 

C. Jane, who received 60 marks out of a possible eighty. 

D. Dean, who completed .81 of the questions correctly. 

1 . 

8 expressed as a percent is 

) Ni ae cren Ss Cio ye 

Be §2.57 De 8.257 

Jack and Bob were practicing free shots. Jack got 17 out of 20. 
Bob got 27 out of 30. Judging from the evidence given, which of 
the statements tells us who is the better shooter? 

A. Jack missed 3 and Bob missed 33 thus they did equally well. 
B. Jack made 10 less than Bob; thus Bob did better. 

C. Jack made 17 and Bob made 273; thus Bob did better. 


D. Jack made 85% of his shots, while Bob made 90% of his shots; 
thus Bob did better. 


The price of a motorcycle that had been used as a demonstrator 
was reduced by 20% of the list price. The motorcycle still did 
not sell, and the price was further reduced by 10% of the sale 
price. If the motorcycle was sold finally for $720, what was the 
original list price? 


A. $800 Gu. $900 


B. $1000 Doves P00 
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MATHEMATICS ACHIEVEMENT TEST - FORM II 


Which of the following sets is a set of Sa fractions? 


206 129 } fo fe 10 
a\eGaeos *12, se aes: aby 
re 


In the following diagram, the area of the small triangle ADE is 
what fraction of the shaded area of the large triangle ABC? 
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If any two numbers from the set { 


x and y; the number obtained by x*y will always represent a number 


Ce 


d. 


of this set if * is replaced by: 


OD 1 


air 


1 get al 


2? a TANTS bare called 


The commutative property of addition of rational numbers is 


illustrated by: 


2: 4 5 
es shecpiees rah tar 
2 4 5 
Ds ae chee 
unis expressed 
100 pressed as 
a. *S5iL 
Di. Sonik 


SGlvecet 14.27 6e8 S525 109 =e 5.4. =n 


131.622 


0) 
fe) 
Ul 


De n= 1267222 


Cc. 


d. 


Cc. 


d. 


2 LEDS Cn a 2 
Cr rep niplirse Marah ot ME SD Fea ndee 
DOM, 5. 2 5 ak 
ogy PIGS Cab a (eke 
GopnL 
851 
n = 137,022 
n = 103.29 
26 
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Floor covering costs $.37 per square foot. Find, to the nearest 
dollar, the cost of 45.2 square feet of this floor covering. 


A eo 


ba sl Oer 2 


Cc. 


d. 


a Me TS: 
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The correct decimal notation for = is: 


aeatia Ws as oe Ts: 

Bae ei los) cle t Shae 

Jim travelled 2 of a 480 mile trip by car, = by plane and the 
rest by bus. How far did he travel by bus? 

a. 64 miles c. 128 miles 

b. 96 miles d. 160 miles 


Town C is : of the way to Town D from Town A. Town B is half 


way between Town A and Town C. It is 8 miles from Town C to 
Town D. How far is Town B from Town A? 
a. 10 miles c. 20 miles 


b. 16 miles d. 32 miles 


Two lengths are in the ratio of 4 to 9. If the smaller length 
is 16 inches, then the larger is: 


a. 36 inches ec. 92% inches 
b. 27 "inches a 54" inches 


The ratio of the number of inches in a yard to the number of 
inches in a foot is: 


What number is 13% of 195? 
8 5 Ce 23) 
Diet oou fap PASTE HS 


A farmer has 60% of his wheat left to sell at the end of the 
year. How much wheat did he have, if he has 2400 bushels left? 


a. 1460 Cbu; ¢.. s4000 \bu. 


b. 3000 bu. d. 3840 bu. 
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Four students were nominated for class president. Determine 
from the following statements, which student received the most 
votes and thus became class president. 
a. Joan, who received < of the votes. 
b. Wayne, who received .25 of the votes. 
c. Bill, who received 23% of the votes. 
d. Jean, who received 12 out of 40 votes. 
7 : 
3 expressed as a per cent is 
Se Ol el Como 7. 
bewno2 25% de uoDs 15% 


John and Tim were throwing darts. John missed the 'bull's-eye' 
3 times out of 12, and Tim missed it 4 times out of 16. 


Judging from the evidence given, which of the following statements 


tells us who did best? 


a. John hit the "bull's-eye' 9 times, and Tim hit it 12 times; 
thus Tim did better. 


b. John missed 1 less time than Tim; thus John did better. 


c. John made 75% of his throws and Tim made 75% of his throws; 
thus they did equally well. 


d. John made 3 less throws than Tim did; thus Tim did better. 
At the end of the year, the cost of a particular model car 
increased 20% due to increased production costs. The next year 
it went up a further 10% and sold for $3300. What was the cost 
of the car before the increases? 

ame 2 00 @'-/ $2300 


b. $3000 deaeoa LOO 
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